LIMIT OF A FUNCTION



o-neighbourhood of the point a is an interval in R

O.(a)=(a—0,a+0),0>0

Right-hand neighbourhood of the point a
O.(a)=(a,a+0),0>0

Left-hand neighbourhood of the point a

O (a)=(a—-0,a),0>0



Heine definition of the limit of a function

Let f be a function defined for all x # a on some
neighbourhood O4a) of the point a. Function f is said to
have a limit equal to b at the point a if for any sequence

{x,}r, suchthatx, € D(f), x,#a, limx =a

N—o0
sequence of function values  {f (X,)}
has a limit equal to number b, IIm f(x )=D.

N—o0

lim f(x)=b <

X—a

(V{x ¥, x eD(f),x #alimx =a= lim f(x )=h)

n=1? “*n
N—o0 n—o0



y=r5x)




From the definition follows that the limit

lim f (x) =b

X—a
does not exist, if we can find two sequences

{Xn Cr)10:1 {X;] onozl

such that

X,x e€D(f),x, #a,x #alimx =limx =a

N—c0 N—0c0

while lim f(x,)=lim f(x)

N—o0 N—0o0



. 1 . . ox°-1
lim cos—, does not exist lim =3

x—0 X x->1 x—1




Cauchy definition of a limit

Let f be a function defined for all x # a on some
neighbourhood O4a) of the point a. Function f is said to
have the limit equal to the number b at the point g,

if for any real number &> 0 there exists such real number
o >0, thatforall x € O4a), x#ais f(x) € Ob) .

lim f(x)=b <

X—a

(Ve >0,30>0,vxeO,(a),x=a= f(x)0,(b))

lim f(x)=b <

X—a

(Ve>0,30>00< x-a<0= f(X)=b <¢)






im >N % 21 im M 2o

Xx—0 X X—>=400 X




Function does not have the limit equal to number b

at the point g, if at least for one g-neighbourhood
of b, 0 (b)=(b-¢ b+ g

the required
6-neighbourhood of g, Grg) i~

0a)=(a-6,a+06) brel /.

from the definition

does not exist.

& — O a  d+o ¥




Iing [sgn(x) + x] does not exist

lim [sgn(x) + x] =1, Iirrom[sgn(x) +X]=-1

Xx—0"




One-sided limit of a function — Heine definition

Let f be a function defined for all x #a on some
left-hand neighbourhood O {a) of point a.

lim f(x)=b <

X—a

(V{x ¥, x <alimx =a= lim f(x )=h)

N—00 N—0o0

Function f is said to have one-sided limit,
number b is called limit on the left of f at a.



One-sided limit of a function — Cauchy definition

Let f be a function defined for all x # a on some
right-hand neighbourhood O (a) of point a.

lim f(x)=b <

x—at

(Ve >0,30>0,vxeO;(a)= f(x) €0,(b))

Function fis said to have one-sided limit,
number b is called limit on the right of f at a.



Limit of a function f at the point a
does exist if and only if there exist:
. limit on the right of fat a
. limit on the left of fat a
and these two one-sided limits are equal.

lim f(x) = lim f(x)=lim f(x)

X—a X—a" X—a~



Basic properties of limits of functions

1. Any function at any point has at most one
Imit.
2. If there exists a limit of a function fat a

noint g, then the function fis bounded at
the neighbourhood of the point a.

3. Iff(x)=c, c €R,
then

im f (x)=cVaeR

X—a



4. f Iirr!l f(x)=A Iirr]ol g(X) = B, then

a) im(f ()£ g(x)) =lim f(x)+lim g(x) = A+B
b) lim(f (x).g(x))=lim f (x).lim g(x) = AB

o) im f(X) - lim f(X) A

X—a

—a g(x) im g(x) B
B¢O,38>O,VXEO (a),x=a,g(x)=0

lim g (x)

d) lim(f(x))?™ = (lim £ (x))

X—a

if 30>0,VxeO,(a),x=a

formulas(f (x))?™and A® havea meaning

— AP



5. Limit of three functions
If lim f(X)=1lim h(x)=bandif

X—a X—a

10>0,vxeO,(a),x=a, f(x)<g(x)=<h(x),
thenlim g(x) =D

6. If on some neighbourhood O a) of point a holds
f(X)=9g(x) Vx=aandlim g(x)=Db,

then e

lim f(x) =b

X—a

Properties 1) — 6) hold also for one-sided limits.



Improper limit of a function at a point a

lim f(x) =0 <

X—a

(VK eR,30>0,vxe0,(a),x=a= f(x) > K)

lim f(x) = -0 <

X—a

(VK eR,30>0,vxe0,(a),x#a= f(x) <K)



Other properties of limit of a function at a point a

7.6 lim f(x)=b,lim g(x) =0,

X—a X—a

10>0,vxe0O,(a),x#a

1t(X)>O:>I|m F(x) = 00
then  g(x) x-a g(X)
f(x)<O:>I|m () = —00

g(x) x—a g(X)



8. Let function f be bounded on some
neighbourhood O (a) of the point a

and lim g(x) =0, then

X—a

a) lim(f () +g(x)) = £oc

f(x)
[ =0
T



Proper and improper limit of a function
at infinity (at improper points)

Let f be a function defined on interval (a, o).

lim f(x)=b <

X—>0

(Ve>0,FAeR:x>A= 1(x) €O_(b))

lim f(x) =0 <

X—>00

(VK eR,FAeR x> A= f(X)> K)

lim £ (x) = —o0 <>

X—>00

(VKeR,FAcR: x>A= f(X)<K)



Let f be a function defined on interval (-0, a).

lim f(x)=b <

X—>—0

(Ve>0,FAeR:x<A= f(x)€0O,(b))

lim (X) =00 <>

X—>—0

(VK eR,FAeR X< A= f(X) > K)

lim £ (X) = —o0 <>

X—>—00

(VK eR,FAeR X< A= f(X) < K)



