Applications of multiple integrals

1. Evaluate area of a planar region M:
a) M:(x=2)°+y*<4,y>x b) M:x*+y*<ly>x
C) M:1<x*+y*<9,y>0 dM:1<x*+y*<4,x>0,y>0

2 2
e) M :y:5—x2,%+@:1 f) M:y=(x=3)%y=x

Solution: a) (2 + m)/2 b)r/l2 c¢)4n d)3n/4 e)12,3851 ) 3,05778

2. Calculate mass of the plate M from the Problem 1 for the density function:

a) (% y)=xy b) u(x, y)=yX*+y* ) u(xy)=L1+x*+y
d) g% y) =X +y =1 ) u(xy)=x+y+1 f) u(x,y)=ylnx
Solution: a) 7/12 b)n/6 ) ;"«/63— 5./57 d)V3n/2  €)40,9167  f)3,75389

3. Find coordinates of the centre of gravity of the plate M from the Problem 1 for the
respective density function from the Problem 2.

Solution: a) T = 9,12(2+ ”j b) T :[0,3} O)T = [0, 1.4515]
7' 7\15 16 27

d) T =[1.05358, 1.05358] e) T = [0.205244, 2.75374]...f) T = [3.34574, 1.3149]

4. Calculate surface area of a part of surface that is graph of function f(x, y) on region M :

a) f(x,y)=4-x*-y>, M:0<z<f(x,y) b) f(x,y)=X+y*1<z<2
c) f(x,y)=8-x2-y2, M: 12 +y? <4, |x|<y

d) f(x,y) =sinyx*+y*, M :4<x*+y*<9
e) f(X,y)=xy,M:0<y<5-x°
2 2
Fooy) =x+yiM: Y <
f) fxy)=x"+y 429
Solution: a) n(17V17 — 1)/6 b) V2 7 ¢) n(17V17 — 5V5)/24 d) 20,1073 e) 69,337 f) 163,459

5. Evaluate volume of a solid T:

a) T:0<z<3,x*+y°<4 b) T:x*+y*=12=0,2=4-Xx-y
O T: X +y’=4,2=42=1-x"-y* d)T:x2+y2=9,z:O,z:m
e) T:0<x*+y*+27°<4 ) T:xX*+y*+2°<1,x>0,y>0,2>0
0) T:1<x*+y*+2°<4 h T:xX*+y*+2°<L,z<x* +y°

ch) 0<z<1-(X*+y?), x> +y*<1 ) X2+y?+2°<4,x*+y*-220

Solution: a) 12n b) 47 ¢) 20n d) 18w e) 327/3 f) n/6 Q) 287/3 h) 7n/6 ch) n/2 i) 167/3



6. Calculate mass of a solid T from the Problem 5 for the density function
8) u(x,y.2) =X+ b) u(x,y,2) = +y? ¢) u(x,y,2)=x+1
d) u(xy.2)=y+1 e) u(x,y,2)=x"+y*+2° ) u(xy,2)=xyz
0) #(xy,2)=x+y+z h) u(xy,z2)=-z ch) u(x,y,2)=2" i) u(xy,2)=2

Solution:a) 24 b)8n/3 ¢)20n  d)18n  e) 128xn/5
f)1/48  g)45n/2  h) n/12 ch) /12 i) 8(4-2V2)

7. Find coordinates of the centre of gravity of the solid T from the Problem 5 for the
respective density function from the Problem 6.

Solution: a) T ={0, 0, ﬂ b) T :[—3, 3 8 } c)T =[17 0 4 }

40_5751 E’ 15)
)T=102"2 ¢T=[0,00] 7|0 1616
108 3% '35 35

o) T :[248(4+7r) | 248(4+7r)’ 248(4+7r)} hy T :[070’ 13]
6757 67571 6757

chy T = [o,o, ﬂ i) T=1[0,0, 0]



