Local, global and constrained extrema

1. Find all local extrema of function f(x, y):
a) f(x,y)=x=3xy—y® b) f(X,y)=xX>+y?—xy—x—-y+2 ¢) f(x,y)=x>+xy>-27x

d) f(xy)=2x'+y' —x*-2y* €) f(xy)=(y-x-2" f) f(xy)=e*" (x*+2y?)
Q) f(xy)=y’ ) Gy ==y D) () =x=1+]y]
Solution: a) D(f)=E,, f(-11) =1,local maximum
b) D(f)=E,, f(1,1) =-1 local minimum
c) D(f)=E,, f(3,0) =-54,local minimum,f (-3,0) = 54, local maximum

d) D(f)=E,, f(0,0) =0, local maximum, N
f(0.5,1) = f(0.5,-1) = f(-0.5,2) = f (-0.5,-1) =-9/8, local minima

e) D(f)=E,, f(x,x+2)=0,local minimum in all points on liney = x+2

f) D(f)=E,, f(0,0)=0,local minimum,f (-1,0) = f (0,-1) = 2e™*, local maximum
g) D(f)=E,, no local extrema

h) D(f)=E,, f(0,0)=0,local maximum

1) D(f)=E,, f(1,0)=0,local minimum

2. Find constrained local extrema of functions on given constrains:
a) f(xy)=x-yx+y-3=0 b) f(x,y)=x+Vy,xX*+y*-1=0
c) f(x,y)=xy—x+y-1x+y=1 d) f(x,y)=-2x+4y+2,4x*+y*> =17

Solution: a) f(1.5,1.5)=22/7,constrained local minimum

f ( t 1 ]: —/2, constrained local minimum,

y U
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fl—=,— :\/E,constralned local maximum
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c) f(-0.5,1.5) =0.25,constrained local maximum

f (0.5,—4) = 15, constrained local minimum,
f (-0.5.4) =19, constrained local maximum

d)
3. Find maximal and minimal value of function f(x, y) on the given curve C:

a) f(x,y)=y +4x—x*,C:y=+v9-x",xe(0,3)
b) f(x, y):2x+y,C:y=—%,XG(1,2>

c) f(x,y)=xy’+4y,C:x=y? ye(-20)



d) f(x,y):x2+y,C:y:g,XG<1,4>
X

e) f(x,y)=x*+4x—-y*C: y:\/m,x6<2,2>
f) f(x,y)=x"+y’,Ciy=x"xe(-13)
Solution:a) f . (X,y)=1(3,0=3,f (X y)=f( \/5) =11

b) f..(x,y)=fQL-)=1f (X y)="f(2,-05)=35
c) f.(xy)=Ff1-)=-3f . (Xy)=1(4-2)=8
d) f . (xy)=fL2)=3f_(xy)=f(405)=165
&) foun(X,y)=f(-1+/3) =6, . (x,y) = f(2,0) =12
f) f..(x,y)=1(0,00=0,f_ (x,y)=1(39) =90

4. Find maximal and minimal value of function f(x, y) on closed bounded set M c Ex:
a) f(x,y)=x"-2y° +4xy—-6Xx-1L,M :x>0,y>0,y<—Xx+3
b) f(X,y)=xy*(4—x-Yy),M :x=0,y=0,Xx+y=6

c) f(x,y) =x*+y®—3xy,M :rectangular ABCD, A=[0,-1],B =[2,-1],C =[2,2],D =[2,7]
d) f(x,y)=x"—xy+y* M :|x/+|y|]<1

&) f(X,y)=X2+y?—xy+X+y,M:x<0,y<0,x+y>-3
ff(x,y)=3xy,M:x*+y*><2

9) f(x,y)=x*+y*-12x+16y,M : x> +y> <25

h) f(x,y)=x"-y* M:x*+y*<4

min (X Y) = 1(0,3)=-19,f  (x,y) = 1(0,0)=-1

b) f..(x,y)="1(2,4)=-641_ (x,y)=1f1L2)=4

c) f..(x,y)=FfQ1Y)=F(A)=-1f_,(xy)="Ff(B)=13

d f..(x,y)=1(0,0)=0,f_(y)=7f10)=f(-10)=f(0,1)=f(0,-1)=1
e) f..(x,y)="Ff(-1-)=0,f_(xy)=1(-30)=f(0,-3)=6

f)f. (xy)=fL-)=Ff(-L)=-3f_ (xy)=f@1)=f(-1,-1)=3

9) f..(xy)=1@-4)=-75"f_(x,y)=f(-3,4)=125

h) f..(x,y)=1(0,2)=f(0,-2)=—4,f (X, y)=1(2,0)=f(-2,0)=4

Solution: a) f



