Partial derivatives
of functions In two variables



Let z=1(x,y) be afunction defined on certain neighbourhood of point
A = [Xq, Yo], which is the limit point of its domain of definition D(f ).
et us determine set
M, ={xeR:[x,y,]e D(f)}c E,
and define function
g:M, >R VxeM,_,  g(x)="1(xY,)

Derivative g’ (Xg) of function g(x) in the point X, If it exists, is said to
be partial derivative of function f(x, y) in the point A = [Xo, Yo] with
respect to variable X, denoted

0 y) = FA) = (xy) = 9 (A)
OX OX
£1(x,,Y,) = lim 9(x)=90%) _ i FOGYe) = 0%, ¥o)

X—>Xp X —_ XO X—>Xo X - XO




Analogously we can determine set

M, ={y e R:[x,, yle D()}< E,
and define function

h:M, >R VyeM,  h(y)=T1(x,Y)
Derivative h'(yg) in the point y, of function h(y), if it exists, is partial

derivative of function f(x, y) in the point A = [X,, Yo] with respect to
variable y, denoted

, , of of
fy(XO’ yo) = fy(A) — (,ay(xo’ yo) = 5’y(A)

0 ye) = fim O 100) _ i F06.9) = £, 36)
AES R Y=Y,




Function f (X, y) continuous in the point A may have no partial
derivatives defined in the point A.

Function f (X, y), whose partial derivatives in the point A exist,
need not be continuous in the point A.

Let M c E, be set of such point from D(f ), in which there exist partial
derivatives of function f (X, y) with respect to x (y).

Function determined on set M, in which any point A € M s attached
partial derivative of function f (X, y) in the point A with respect to x (y),
Is said to be partial derivative of function f (x, y) with respect to x (y)

o 0
OX Yooy
f,>M —>R f,:M —>R

/- A f/(A) f/: A £/(A)



Geometric meaning of partial derivatives

T=[Iﬂ1yu=f(xﬂ’y“)] |°




tgﬂ=f:(xﬂ?yﬂ) -r; =(ﬂ’j’f;(xﬂ’yﬂ))



T = (t, tp) — Is tangent plane to the graph of function f(x, y) in the point
T =|:xﬂ5.1"ﬂ!f(xﬁ&ya)]5 G(f)

TE

Normal vector of plane ¢ - N=SuxSt, = (=,(X5, ¥o).= T, (X5, ¥o).1)



Let A = [Xo, Yo] be limit point of domain of definition D(f ) of function
f(x, y) and let there exist both partial derivatives of function f in A

f, (X, ¥o) = T,(A), £,(X5, ¥o) = T, (A)

Tangent plane 7 to the graph of function f in the tanget point

T = [Xo, Yo, (X0, Yo)] Is determined by equation

z—T(A)=T,(A)X—%)+ T,(AY—Y)
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Let A = [Xo, Yo] be the limit point of domain D(f ) of definition of

function f(x, y) and let both partial derivatives fy, fy’ of function f

exist and be continuous in point A.
Then function f is said to be differentiable in the point A.

Formula
df, (X, y) = LA (X =X) + T,(A)(Y = ¥o)
Is the total differential of function f in the point A.
If: 1. Jimd(X,A)=0
2. function f Is continuous in the point A

3. partial derivatives fx’(A)’ 1:y'(A) exist

F(X)=1(A) = T(A)X=X) + T, (A)Y = Yo)

then



Geometric interpretation of function differential
Af (X) = f(X) = f(A)

df, (%, y) = L(A)(X=Xp) + T,(A)(Y = ¥o)

limd(X — A) =0= df, (X) = Af(X)

X—A



