Double integrals



Let f be function with two variables defined on region M c E,

M={[X,y] e E;;a<x<bh,c<y<d}=
=(a, b) x {c, d) - 2D interval

f(x,y)=0

graph is a surface patch G(f) in E; over M.

Solid in Ezi1s bounded by planes
z=0,Xx=a,X=b,y=c,y=d

and surface patch with equation z = f (X, y).

T={[x,y,z] e Es: [X,¥y] e M,0<z<T (X, y)}

How can be calculated the volume of this solid

V=7




division of interval (a, b) A=Xg<X1<...<Xn1<Xp=Db

division of interval {c,d) - c=yo<VyV;1<..<VYm1<Ym=d

division of region M M = (X1, X) X (Y, Y, 1=1,..,n, J=1,...,m
division of solid T onto k = m.nl partial ,,prisms”

Taking arbitrary points [& ,n;] € M;;function f value is (& ,7;)

and we can compute sum of the values f(& ,7n;).A M),

for area of partial rectangular AM;;))=AxAy;

Integral sum of function f(x, y) on a rectangular region M is

S (&) P(M;)

i, j=1



If there exists for an arbitrary choice of points [&,7;] € M;; the same

proper limit

maxP (M;;)—0

m,n
lim Zf(é:i’nj)'P(Mij)
i, j=1
then this is called double integral of function f on region M

j j f (x,y)dxdy

M

Function f is said to be integrable on region M.

Geometric interpretation of double integral of function f (x,y) >0
on region M is the volume of solid T.



Sufficient condition for integrability
et function f with two variables be bounded on region M
and let there exist a finite number of points of discontinuity,

then function f Is integrable on M.

Consequence

Any function f(x, y) that is continuous on region M s integrable

on this region.



FUBINI theorem

Let function f(x, y) be continuous on region M = (a, b) x {c, d), then

|
|

j j f(x, y)dxdy =

M

f (X, y)dxdy

f(x,y)dxjdy::

f (X, y)dydx
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f(x,y)dyjdx



Properties of double integrals

1. Linearity
Let functions fy, f,, ..., fx be integrable on region M
and cq, Cy, ..., C¢ are real numbers, then

_” (Cl fl(X’ y) +C, f2 (X, y) +...+C, fk (X, y)thy —

=c, j j f,(x, y)dxdy+c, j j f,(x, y)dxdy +...+ ¢, j j f, (X, y)dxdy

M
2. Aditivity
Let function f be integrable on region M that is a union of
a finite number of measurable regions M; with no common
Interior points. Then

m=Um, [0 yoay = 3] f (x y)oxcy

1=1 M



3. Monotonicity
Let functions f, g be integrable on region M

and let VX =[x, ylJe M holds f(x,y) < g(x,y), then
[ f(xy)dxdy < [[ g(x, y)dxdy
M

M

4. Let function f be integrable on a measurable region M
and f(x,y) 20 forall X=[x, y]e M, then

” f (X, y)dxdy >0

5. Let function f be integrable on a measurable region M,
then also function | f| is integrable on M and

[ f(x y)dxdy < [[ (x,y)dxdy

M




Set M={[x,y] € Ex: a<x<h,g(X)<y<h(x)}

for a,be R, a<b,

Continuous functions g and h defined on //\

Interval (a, b), while for all x € (a, b) holds
g(x) < h(x),

Is called regular region of type x
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Set M={[x,y] e Ex: g(y)£x<h(y),c<y<d}, forc,deR,c< d,
functions g and h continuous on interval {c, d), while for all

y € {c, d) holds g(y) < h(y), is called regular region of typey.

Double integral of function f with two variables on a regular region

M can be defined similarly as on region (a, b) x {c, d).

Let function f be integrable on regular region M, then double

Integral exists

[[ £ (x,y)dxdy



All properties of double integral on region (a, b) x {c, d) are valid
analogously also for double integral on regular region M, or on set,
which is a union of finite number of elementary regions.
1
2
3- Monotonicity

Linearity
Aditivity

4- Positivity

j j f(x, y)dxdy < j j f (x, y)dxdy




FUBINI theorem

Let function f(x,y) be continuous on regular region

M ={[X,y] € E;: a<x<h, g(x) <y <h(x)} of type x, then

h(x)
j j f (X, y)dxdy = j [ j f (X, y)dy]dx

a\ 9(x)
For function f(Xx,y) continuous on regular region

M ={[x,y] € Ez: g(y) £x<h(y),c<y<d}holds

h(y)
j j f (X, y)dxdy = j [ j f (X, y)dxj

c \ g(y)



Triple integrals



Let function f(Xx,y, z) with three variables be defined on a three-

dimensional region M c E;

lIA
lIA

M={[X,y,Z] EEs:a=x=h,cSy=de=z

M =(a, b) x {c,d) x (e, h)
with volume V(M) = (b-a)(d - c)(h - e)
Dividing intervals (a, b), {c, d), (e, h) and applying similar steps as
for definition of double integral of functions with two variables, the

Integral sum of function f(x, y, z) on set M can be determined

h}

|.m,n

Zf(fiJ?j;é/k)V(l\/lijk)

i) j k=1



Let function f be defined on a bounded region M. If for an
arbitrary choice of points [&,7;,{«k] € Mij there exists a proper
limit

I,m,n

max\/I!rl\Pijk)_x)i Jzk_lf (éﬂ J 77j J é/k)v (M ijk)
It is called the triple integral of function f on region M and

denoted

_m f(X,Yy,z)dxdydz

Function f is said to be integrable on region M.
Sufficient condition for integrability of function f is to be bounded

on set M. Any function continuous on region M is integrable on M.



FUBINI theorem
For any function f(x,y, z) that is continuous on region
M = (a, b) x {c, d) x (e, h) holds

hdb

”_[ t(X,y,z)dxdydz = ”j f(X,y,z)dxdydz =
— }U‘j" f(x,Y, z)dxdy)dz = }U‘j‘ f(x,Y, z)dydxjdz —
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Regular region with respect to plane xy

Let functions z,(X, y) £zx(X, Y)

be continuous and bounded on regular region
M={[x,y] € E;:a<x<b, g1(x) <y < gx(X)}
or

M’ ={[x,y] € E2: hy(y) x<hy(y), csy<d}

Set of points
D={[x,y,2] € Es: [X,¥] € M, z1(X, ¥) £2LZ,(X, ¥)}
D' ={[x,Y,2] € Es: [X,y] € M", z1(X, ¥) £ 2L Z5(X, ¥)}

IS a regular region in E; with respect to the plane xy.




FUBINI theorem

For function f(X, y, z) continuous on a regular region D holds

Z,(X,Y)

j” T(X,y,z)dxdydz —” jf(X y, 2)dzdxdy =

Mz (X,y)

— N

b [92(0[ 2 (x.y)
:Jl j jf(x, y, z)dz |[dy tdx

L 91 (X) |z (X,Y)

— J



If function f(Xx, y, z) Is continuous on an regular region D, then

Z5(X,Y)

”j T(X,y,z)dxdydz —” jf(X y, 2)dzdxdy =
M* 2y (x,y)

= A

d [h ([ z2(x,y)
:J'< J' jf(x, y,z)dz [dx :dy

() Lz (xy)

- J



All properties of double integral on region (a, b) x {c, d), oron a
regular region M, analogously hold also for a triple integral on
region (a, b) x {c, d) x (e, h), or on a regular region D, or on set,

which is a union of a finite number of regular regions.

1- Linearity

2- Aditivity

3- Monotonicity

4- Positivity

5 Jﬂf(x, y, z)dxdydz S‘U.‘J‘f(x, y, Z) dxdydz




