Surfaces in the space E*



Let vector function in two variables be defined on region Q — R*

p(u, v) = (x(u, v), y(u, v), y(u, v)), (u, v) €€,
whose scalar coordinate functions x(u, v), y(u, v), y(u, v) are at least once
differentiable on region Q.

Hodograph of vector function p(u, v) is a piece-wise smooth surface y in E°.

For any ordered pair of real numbers (ug, vo) €Q the function value is
position vector p(ug, Vo) = (X(Ug, Vo), Y(Ug, Vo), Y(Ug, Vo)) Of surface point
P(uo, Vo), with Cartesian coordinates

P(Uo, Vo) = [X(Uo, Vo), Y(Uo, Vo), Z(Uo, Vo)].

Ordered pair of numbers (ug, vo) €Q 1s called curvilinear coordinates of
point on surface.

If O < R? isaregular region, with boundary in a closed regular curve in E?,
then surface is called elementary surface or surface patch.



All points on surface determined by curvilinear coordinates

(U, vg) €Q, Vo= const., resp. (Ug, V) €Q, Up= const.,
are point on one curve on the surface, which is called
ISO-parametric u-curve - p(u, Vo) = (X(u, Vo), y(u, Vo), z(u, Vo))
or 1so-parametric v-curve - p(Uo, V) = (X(Ug, V), Y(Uo, V), Z(Ug, V)).

Iso-parametric curves form two systems of curves on surface, they form
curvilinear net of curves on surface called iso-parametric net of curves.

Any curve from one system of curves intersects all curves in the other
system of curves on the surface.

One iso-parametric curve from each of the two systems is passing through
any surface point, while it holds

P(Uo, Vo) = p(U, Vo) M p(Uo, V)



Point P(ug, Vo) on the surface Is called regular point, if there exist continuous
first partial derivatives p,, py of vector function p(u, v) on some

neighbourhood of (u, vo) €Q, and it holds
Py (Ugs Vo) x Py (Ug, V) #0
In the opposite case, when vectors Pi(Uo: Vo), Py (Ug, Vo) are linearly
dependent, we speak about singular point on surface.
Vector functions
p(; (U’Vo) — (X; (U’Vo)1 yl,,I (U’Vo)’ Z(; (U’Vo))
p\’/ (u01V) — (X\,/ (uo’V)1 y\’/ (uo’V)’ Z\,/ (uo’V))

define direction vector fields of tangents to iso-parametric curves on surface
passing through the surface regular point P(ug, Vo).



At any regular point P(ug, Vo) there exist 2 linearly independent vectors
tangent vector to i1so-parametric u-curve

and tangent vector to iso-parametric v-curve,
Py (Ug, Vo) = (X; (Ug, Vo), Vi (U, Vo), 24 (Ug Vo))
Py (g, Vo) = (X, (Ug, Vo), Yy (U, Vo), 2, (U, V)
that determine a unique tangent plane at the given point
r=(P,p;, p,)
Equation of tangent plane [P — P, Py, p]1=0
X =x(U,,Vv,) Y -=Yy(U,,Vv,) Z-2z(Uy,V,)

Xl’J(uO’VO) yL’J(UO’VO) Zl’J(UO’VO) :O
X, (Ug:Vo)  Yi(UgsVo) 2, (U, V)




Vector N(Uy, Vo) = Py (Ug, Vo) x Py (U, Vg) # 0
Is called normal vector to surface at the regular point P(uo, Vo).

Line determined by direction vector n and passing through point P(uo, Vo) IS
a normal line to surface that is perpendicular to the tangent plane z to
surface In this point.

p. (U, V) > p; (U, V)
P, (U, V) > p; (U, V)

defines direction vector field of normals to surface in regular points and
determines orientation of surface. Value of function n(u, v) Is a unit vector,
whose coordinates are direction cosines of normals to surface at the regular
points, while

. n(u,v) =
Vector function (u.v)

N=cCcoSal+CcoSp J+cospk

where «, £, ¥ are angles that vector n forms to unit vectors 1, j, k.



Let p(u(t), v(t)), t e | is curve on surface p(u, v), (u, v) € Q c R®.
Tangent vector to the curve can be represented by differential
dp = (p,u’+ p,v)dt
Square of this differential satisfies equation
dp” = p, pidu’ +2p; p;dudv + p, p;cv’
Denoting
E=p,p.F=pp,.GC=p,p
we can receive form

Edu®+ 2Fdu dv + G dv?

that is called the first fundamental differential form of surface,
or the first tensor of surface, denoted also as ¢.
The first differential form of surface ¢, describes interior properties of

surface geometry — lengths of curve segments and their angles.
Formula D, = EG - F? is called discriminant of the first differential form.



The first differential form of surface ¢ Is positively definite at any regular
point on surface, and it holds:

1.E=|p,%>0,G=|p|?>0

2. EG'F2: |pu|2 |pv|2' | pupv|2: |puxpv|2>0
3. symmetric means that scalar product is commutative

L_ength of curve segment on surface

Let p(u(t), v(t)), t € (a, b) is a curve on surface p(u, v), (u, v) € Q c R?,
whose first differential form is ds® = Edu®+ 2Fdu dv + Gdv?

For the length s(A, B) of segment, where A = p(u(a), v(a)), B = p(u(b), v(b))
holds

S(AB) = [/ds® = [ EQU D) +2FOu' V(1) +GH)(v () dt




Angle of two curves on surface

Let curves k; and k, be determined by their parameterizations

uy(t), vo(t) and u,(t), vo(t), t € (a, b) on surface p(u, v), (u,v) € Q c R?
and let they intersect Iin the surface point P(ug, Vo), whose curvilinear
coordinate on the curve k; 1s t; and on the curve k, 1t Is t,.

Angle o of these curves can be calculated as angle of their tangent vectors
P1, P2 , and the following holds

PP _

D P
Eu; (£ )uj (t,) + 2F (ug (6)V) (8,) + U (6 )V (1)) + G, (63 (t,)

JEQU())? + 2Ful )V (L) + G vy (t,))? - E(Uy(t,))? + 2Fup (6, V) (8,) + G(Va (L))’

COSw =

For the angle of iso-parametric curves at the point P(u, v) it holds

cosw= PP _ -
JEG

- P




Area of elementary surface patch

Area element on a surface defined by vector function p(u, v) that is at least
once differentiable on region Q — R? is parallelogram in the tangent plane to
surface determined by vectors p,du and p,dv forming angle «

ds| = p.du. .

p.dv sin o =

p/dux p/dv =

p! x p. .dudv =

dudv| = -/EG — F2dudv

= /(p, < p,)(P, % p})

Area of surface patch defined on region Q can be calculated by means of
double integral from the area element on the surface

o(S) = ” p;, (U, v)x p; (u,v)dudv = ”x/ﬁldudv



The second fundamental differential form of a surface, or the second tensor

of surface Is related to the surface curvature in the regular point and it is
denoted

@, = n.d°p = Ldu®+ 2Mdu dv + Ndv*
while for its coefficients holds

L — n.pl’;u — (pu >’< pv),'puu — [pu’ pV’ puu]
P, x P, /D,

M = npr, = (P P)-Poy [P, Pus Pu]
P, * P, /D,

N =npr, = (P PP TP Py Py
P, * P /Dy

Expression D, = LN — M “ is called discriminant of the second differential
form.



K — LN —-M? _ D,
Number - EG-F?%? D,

Is called total, or Gaussian curvature in the given point.

Surface point, at which K > 0, is called surface elliptic point. Tangent plane
at this point has just one point in common with the surface, while surface Is
located In one half-space determined by tangent plane and normal vector to
the surface at this point.

Surface point, at which K < 0, is called surface hyperbolic point. Tangent
plane at this point intersects surface in a surface curve, which has a double
point at the tangent point, while surface is located in both half-spaces
determined by tangent plane at this point.

Surface point, at which K =0, is called surface parabolic point. Tangent
plane at this point is tangent to the surface in a curve, while surface is
located in one half-space determined by tangent plane and normal vector to
the surface at this point.



Theorema egregium — Gaussian curvature of the surface can be determined
by means of coefficients of the first funamental differential form of surface
and their derivatives.

Surfaces with elliptic points
sphere, elipsoid, paraboloid

Vo/
Surfaces with parabolic points

T plane, cylindrical surface, conical surface

;la/;/ é 1I0 1l2

Surfaces with hyperbolic points

hyperboloid, pseudosphere



Surface with all types of points

torus

S0



