Operations with vector functions



Let vector functions r(t), r.(t), ro(t) and scalar function ¢(t) be defined on
the set M.

For any real number ty the function values r(tp), ri(to), ra(to) are vectors and
function value ¢(ty) Is a scalar (number).

The following values can be attached to any real number t; € M

1. vector rl(to) + rg(to)

2. vector o(to)r(ty)

3. scalar q(tp).r»(to)

4. vector r(tg) x Iy(ty) for three dimensional functions

The following functions are defined on M in this way

1. sum of vector functions - vector function ry(t) + r,(t)

2. product of scalar and vector function — vector function ¢(t)r(t)
3. scalar product of vector functions - scalar function ry(t).rx(t)

4. vector product of vector functions — vector function rq(t) x ry(t)



Let

r(t) = (fu(t), (1), ..., fa(1))
ry(t) = (92(t), 92(t), ..., gn(t))
ro(t) = (ha(t), ho(1), ..., hy(t))

Then
L. ry(t) + ra(t) = (9a(t) + ha(t), g2(t) + ho(L), ..., ga(t) + hn(t))

2. r(t) = ()T (1), A(OLA(L), ..., P(D)(D))
3. ri(t).ro(t) = g1(t)he(t) + go(t)ha(t) + ...+ gn(t)h,(t) = scalar function

4. for ry(t) = (Xo(t), ya(t), za(1)), ra(t) = (X2(t), ya(t), zo(t))
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Let vector functions r(t), r.(t), r(t) and scalar function ¢(t) have in the
point ty € M their limits - vectors a, a;, a, and number k, then also
functions ry(t) + ry(t), p(t)r(t), ry(t).ro(t) and ry(t) x r,(t) have at the point
to e M limits and 1t holds

lim[r,(t)+r,(t)]= I|m r(t)+limr,(t)=a,+a,

- T t—=t
o[ i)
3 t'"Q[" (t).r,(1)]= [Iﬂl r, (t)} [t"rﬂ r, (t)]

4 lim[r, (t)xr,(t)]= [Iﬂl rl(t)} [Ilm rz(t)] a, xa,

t—>t, t—t,



Let vector functions r(t), r.(t), r(t) and scalar function ¢(t) be continuous
In the point ty € M, then also functions ry(t) + ry(t), p(t)r(t), ry(t).ro(t) and
r{(t) x ry(t) are continuous at the point t, € M.

Let vector functions r(t), r.(t), r(t) and scalar function ¢(t) have
derivatives on the set M , then also functions r(t) + r,(t), e(t)r(t), r.(t).ry(t)
and ry(t) x ry(t) have derivatives on the set M and it holds

L [ri(t) + r ()] =r’(t) + ro’(t) =
= (91 (1) + hy (), g2 (1) + ho' (1), ..., 9" (1) + hy'(1))

2. [p)r(H]" = @' (Or(t) + pt)r'(t) =
= (@' (091D +e(1)9: (1), @ (1)g2(t)+p(1)2 (1),.... @ (1)Fn()+(1)gn (1))

3. [ra(t).ra(t)] "= ri'(t).ro(t) + ra(t).ro"(t) =
=01.h1+01.hi "+ g2 .hy+ g2.hy" +...+ 00" .hn + gn.hy

4. [ro(t) x ra(t)] "= ri(t) x rat) + ro(t) x.r2'(t)



Rules for finding derivatives of vector operations

Let vector functions r(t), r.(t), r(t) and scalar function ¢(t) have
continuous derivatives on the set M, then also functions r(t) + ry(t),

o(H)r(t), ry(t).ro(t) and ry(t) x ry(t) have continuous derivatives on the set
M and it holds

L [r(®+r()] 7 =r (1) + r2 (1)
2. [pOr(O)] = [ (Or) + o(Or ()] =
= @ (Or()+2¢()r (t) + (t)r (t)
3. [ra(t).r2(6)] "= [r1"(t).r2(t) + ru(t).r2" ()] "=
=1y (t).ra(t) + 2r, (1).r2 () + ro(t).ry ()
4. [ra(t) x ra())] 7= [re (©) x ra(t) + ra(t) x.r2"(1)] =
=11 7(t) x ra(t) + 2r (1) x (1) + ra(t) x.r2" (1)



All presented propertiers valid for operations on vector functions of one
real variable are valid also for vector functions of more variables.

Vector function f(X) = (f(X), f2(X), ..., (X)), X = (13, Lo, ..., t;) has a limit
a at the point X, Iff all scalar coordinate functions f,(X), fo(X), ..., f,(X) have
limits at this point and it holds

im f(X)=4a, lim f,(X)=a,,...,Im f (X)=a

X=Xy X=Xy X=Xy

lim f(X)= lim [(f,(X), f,(X),....,f (X))]=

X—=>Xg X=Xy
:(Xlig(\O fl(X),XIer>1<O 1‘2(X),...,Xliﬁrr>1(0 f.(X)=(a,a,,...,.8,)=a

Limit of vector function f(X) at the point X, Is vector a, whose components
are limits of scalar coordinate functions f;(X) at the point Xo.



Vector function f(X) = (fi(X), f2(X), ..., fa(X)), X = (11, to, ..., 1)

has partial derivative with respect to variable t; at the point A Iff all scalar

coordinate functions fi(X), f2(X), ..., f,(X) have partial derivatives at this
point and it holds

- {afl(A) GAG ,_.,afn(A)}

ot j ot j ot j
Analogously, partial derivatives of vector functions of more variables can be
defined as functions on domain M and range in the vector space V"(R).
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Three-dimensional vector function of one variable defined on interval in real
numbers, forall te l R

f(t) = x(t).1 + y(0).J + z(t).k = (x(1), y(1), (1))
hodograph is a curve in space E®

F7(t) =x"(O).1 +y'(1).) + 2°(1).k= (X'(1), y'(1), 2'(1))




Three-dimensional vector function with two variables

defined on planar region, for all (u, v) € Q c R?
f(u, v) = x(u, v).1 +y(u, v).J + z(u, v).k =

= (x(u, v), y(u, v), z(u, v))
Hodograph is a surface in the space E°

f,(u, v) = X,(U, V).i + Yu(u, v).j + z4(u, v).k =
= (Xu(u, V), Yu(U, v), z4(u, v))

f.(u, v) = x(u, v).i + yu(u, v).j + z,(u, v).k =

= (x(u, v), yu(u, v), 2,(u, v))




Three-dimensional vector function with three variables
Defined on space region, for all (u, v, w) € Q c R’
f(u, v, w) =x(u, v, w).1 +y(u, v, w).j + z(u, v, w).k =

= (X(u, v, w), y(u, v, w), z(u, v, w))

hodograph is a solid in the space E?

fu(u, v, w) = xu(u, v, w).1 +y,(u, v, w).J +z,(u, v, w).k =
— (XU(U1 V1 W)’ yU(u1 V1 W)’ ZU(U’ V1 W))
fu(u, v, w) = xy(u, v, w).i +yy(u, v, w).J + z,(u, v, w).K =

= (XV(U, v, W)’ yV(u1 v, W)1 ZV(U, v, W))

fW(u1 V1 W) - XW(U1 V’ W)I + yW(u1 V, W)J + ZW(U, V; W)k -

= (XW(U, v, W)! yW(u1 v, W)1 ZW(U! v, W))




