PROBLEMS ON SURFACE INTEGRALS

Problem 1: Evaluate the following surface integrals of the first type:

a) ”dS,Sissurfacepatch X=UCosv,y=usinv,z=4v,0<u<3,0<v<n
S

b) ”zds , S is patch of helicoid r=ucosvi+u sinvj+vk, (u,v) e (0, ax(0, 2x)

S

c) ”zzds . S is patch of conical surface
S

r=ucosvsinoi+u sinvsinaj+ucosa k,(u,v) e (0, a)x{0, 2r), a € (0, /2)

d) ” xyzdS, S is part of plane x +y +z =1, located in the first octant

S

e) ”(xz +y?)dS, S is patch of conical surface x?>+y?=2%,2<z<3
S

f) mxyz\ds , S is patch of paraboloid z =x*+y?,z<1
S

2 2
9) ”7Vx+y ds, S is patch of paraboloid z = x? + y?bounded by plane z = a
YA
S

h) dS, S is patch of hyperbolic paraboloid z = xy z = x? + y?bounded by

1
I

cylindrical surface x2+y?=R?|z|<R

) H(x2+y2)dS,Sis sphere x?+y? + 22 =a?
S

i) [[(x*+y*)zds, S is upper hemisphere with centre at origin and radius R

S
k) ” x2y?dsS, S is spherical patch x? +y? +z2 =R?,2>0
S

3(
Solution: @) r/ xr/ = (4sinv,—4cosv, u), | =I(J.«/16+u2vadu = %(15+16In 2)
0

b) I = z°(a/a®* +1+In(a++/a’ +1))

m* . )
C) I=7smacos a

1/1-u

d) x=u,y=v,z=1-u-v,0<u<10<v<l-u,l =I[Iuv(1—u—v)ﬁdv}du=£
[VRANGNY)

2 65-/27
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€) x=ucosv,y=usinv,z=u,2<u<30<v<2r,I =.|'Uu2uﬁdquv=
0o\2

125./5 -1

f) 1=
) 420



X=UcosV,y=usinv,z=u?,0<u<-/a,0<v<27,r xr =(—-2u?cosv,~2u’sinv,u)

NEY& 2
9 rxr|=u4u? +1,1 = j[j«/u mE vadu = ﬁ{ﬁ«/u 4a +;In(2ﬁ+mn

0

h) I = ﬂlR«/RZ +1+ In(R+«/R2 +1)J

X =acosucosv,y=asinucosv,z=asinv,0<u <2z~ <v<

z
2 H
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) r'xr/=(a?cosucos?v,a?sinucos®v,a’sinvcosv), =a?cosv,

-
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| = J'azcoszvazcosvdv du:gﬂa

N
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_71'
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. . T
x=Rcosucosv,y=Rsinucosv,z=Rsinv,0<u < Zz,Osst,

1) r'xr/ = (R?cosucos®v, Rsinucos? v, R?sinvcosv), =R2cosv,

r, xr,

V3

27| %
| _[ J'choszvRsianzcosvdv du=§R5
0] 0

x=Rcosucosv,y=Rsinucosv,z=Rsinv,0<u szn,ogvs%,
K) z

2 2 2
. T
| =R® jcosz usin? uduJ.cos“vcosvdv: ER6
0 0

Problem 2: Evaluate the following surface integrals of the second type:

a)

b)

d)

f)

” xdydz + ydxdz + zdxdy, S is surface patch r=ui+vj+ (uv+ 1)k, (u, v) (0. 1)
S

oriented so that normal vectors form acute angles to vector k

” ydydz + xdxdz + zdxdy, S is surface patch r=ui+vj+ (uv+ 1)k, (u, v) (0. 1) oriented
S
so that normal vectors form acute angles to vector k

” xdydz + ydxdz + zdxdy, S is patch of paraboloid r=ui+vj+ (u2+ vk, (U+v?) <1
S
oriented so that normal vectors form obtuse angles to vector k

” zdxdy+ xdxdz + ydydz, S is surface patch x-y+z-1=0,x>0,y<0,z>0, oriented so
S
that normal vectors form acute angles to vector k

” ydydz + zdxdz + xdxdy, S is part of plane x +y +z = @, located in the first octant oriented
S

so that normal vector form acute angle to vector k

” xzdydx+ xydydz + yzdxdz, S is surface of pyramid bounded by planes x =0,y =0,z =0,
S

X +Yy+z =1, oriented by outer normal



Q) ” xzdydx+ xydydz + yzdxdz, S is surface of cube (0, 1)° oriented by outer normal
S

h) ” xzdydz + ydxdz + zdxdy, S is surface of cylinder with base in plane z = 0, centre in the
S

origin of coordinate system, radius R and height H, oriented by outer normal

i) [[x°dydz+ z*dxdy, S is patch of conical surface x*+y?=2% 0 <z <1, oriented so that
S

normal vectors form obtuse angles to vector k

i) [[xdydz+ ydxdz+ zdxdy, S is sphere X +y? + 22 = a® oriented by outer normal
S

2 2 2
K) ” dydz dxdz dxdy g ellipsoid = +Y_+ % _—1 oriented by outer normal
2 2 2

y z a~ b® ¢

1/1
Solutions: a) | :j“ (1—uv)dquv:i
0\0

([, 2 e T
) IZZEU(_U —v +uv+1)du]dv_E

0

o) 1=’ +v2)dudv:i@p2,pd¢Jdp:%

G
X=uy=V,z=1-u+v,0<u<lu-1<v<0,r/ xr, =(1-11)

P | = j'( _T(l— 2u — 2v)vadu = —%

0 \u-1
a3
e) x=u,y=v,z=a-u-v,0su<al<v<a-u,l=—

1
0=

S, ix=u,y=v,z=00<u<10<v<1iI =

o!—.n—\

dexdy=0
0

S,:x=u,y=v,z=10<u<10<v<1I ldxdy =1,

|| ||
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ot—r o

S;:x=u,y=0,z=v,0su<10<v<l |, 0dxdz =0,

e O e O ey

9) S,:x=u,y=1,z=v,05u<10<v<] I ldxdz =1,

S;:x=0,y=u,z=v,0su<10<v<l]| 0dydz =0,

— ~ ©

S;:x=lLy=u,z=v,0su<10<v<lIl,=||1ldydz=1,

I =3



S,:x=Rcosu,y=Rsinu,z=v,0su<27,0<v<H,I =27HR?

h)S :X=ucosv,y=usinv,z=00<u<R,0<v<27r,1, =0,
S,:X=ucosv,y=usinv,z=H,0<u<R0<v<2rI|, =R’
| =32HR?

X=UcosV,y=usinv,z=u,0<u<10<v<2z,r/ xr, =(-ucosv,—usinv,u)

) | = Jl.(zf(u3 cos3v—u3)vadu = —%

0

. . Va VA
X =acosucosv,y=asinucosv,z=asinv,0<u< Zﬂ,—ESVS o
j) ol 2

| =a _[ Jcosvdv du = 47a®

z
2

. . T T
X=acosucosv,y=bhsinucosv,z=csinv,0<u< 27z,—5§v < >
K) 1/ xr’ = (bc cosu cos? v, acsinu cos? v, absin v cosv)

27

:_[ _[( §+—)cosvdv du=4 (bc+ac+abj
o| = a b ¢
2

Problem 3: Evaluate surface integrals by means of Gauss-Ostrogradsky theorem:

a) J'J'xzdydz+ y2dxdz + z%dxdy, S is surface of cube (0, 1)3, oriented by outer normal
S

b) H xzdxdy + xydydz + yzdxdz, S is surface of pyramid bounded by planes x =0,y =0,
S

z=0, x+y+z=1, oriented by outer normal

c) H x*dydz + y®dxdz+ z%dxdy, S is sphere x? +y? + z2 = a2, oriented by outer normal

S

d) find volume of ellipsoid with centre in origin and semiaxes a, b, ¢ in the coordinate
axesx, Y, z

. . T T
X=acosucosv,y=Dbsinucosv,z=csinv,0<u< Zﬁ,—ESVSE

d) P= osvdv—4—abc



Problem 4: Evaluate the following integrals by means of Stokes” theorem:

a) ”(y+ 2)dx+ (z + x)dy + (x+ y)dz, K is ellipse x = asin?t, y = 2asin t cos t, z = acos?t,
tKe (0, 2y, oriented conformably with the given parametric representation

b) I I xzdxdy + xydydz + yzdxdz, K is intersection curve of cylindrical surface x2+y?= 2y
a;d planey =z

c) ”(y2 +22)dx+ (x2 + 22)dy + (x? + y?)dz, K is intersection curve of two spheres
K
X2 +y? + 7% = 2bx, X* + y> = 2ax, z > 0, 0 < a < b, oriented conformably with the smaller
patch of the sphere S: x? + y2 + 72 = 2bx whose boundary it is, while surface S is oriented
by its outer normal

d) ”(x2 —yz)dx+ (x? — xz)dy + (z* — xy)dz, K is arc AB of helix with parametric
K

representation x =acost,y=asint,z=ht/2r, A=[a, 0, 0], B=[a, 0, h], while curve
K is closed by line segmet BA

Solutions: a)rot F=0,1=0

b)rotF=0,1=0
X=U,y=V,Z=-/2bu—u?-v?0<u<?2a—/2au—u® <v<-/2au—u?,
C) v
rotF = (2(y —2),2(z = x),2(x—y)), 1 =2b ( +1)dvdu = 27ma’b
( ) IS'[ J2bu —u? —v?

1 h3
d) rotF =0, 1 =Ih3t2dt=?
0



