PROBLEMS ON SURFACES

Problem 1: For surfaces given by vector functions find - vector function of surface normals, the
first and second fundamental forms of surface and their discriminants, and Gaussian curvature

a)
b)
c)
d)
€)

1)

p(u, v) = (u, v, 0), (U, v)e R?—plane

p (u, v) = (rcos u, rsin u, v), u € 0, 2x), v € R, r € R —rotational cylindrical surface

p (u, v) = (rvcos u, rvsin u, v), u € {0, 2n), v € R, r € R —rotational conical surface

p (u,v) =(rsinucos v, rsinusinv, rcos u), u € {0, n), v € {0, 2n), r € R —sphere

p (u, v) =(rsinu cos v, rsin u sin v, rin(tg u/2)+rcos u), u € (0, ©), v € {0, 2n),r € R—
pseudosphere

p (u, v) = (asin u cos v, asin u sin v, bcos u), u € {0, ©), v € {0, 2x), a, b € R —ellipsoid

p (u, v) = (au cos v, au sin v, bu?), u € (-1, 1), v € (0, 2m), a, b e R — rotational paraboloid
p (U, v) = (u, v, u.v), (u, v) € R®— hyperbolic paraboloid

p (u, v) = (acosh u cos v, acosh usinv, bsinhu), u € (-a,a),v € (0, 2n),a,b € R -
rotational hyperboloid

p (u,v) =(acoshucosv,acoshusinv,u),u e R,V e (0, 2r), a € R — rotational catenoid
p (u, v) =((d + rcos u) cos v, (d+rcos u) sinv, rsinu), u, v € {0, 2n), a, b € R —torus

p (u,v)=(aucosv,ausinv,bv),ueR,v e (0, 2r), a, b € R — helicoid

m) p (u,v) =(cosu-vsinu,sinu+vcosu,u+v),ue0,2nr),VveR,v,—surface of tangents

to helix

Solution: @) n = (1, 0, 0), ¢, = 1du® + 1dv®, D1 =1, ¢, =0,D,=0,K =0

b) n = (cos u, sin u, 0), ¢1 = r’du? + 1dv?, D; =1, @, = -r’du?, D, =0, K= 0

con= (cosu,sinu,—r), ¢, = rvdu® + rldv?, Dy = 'V,

1
V14712
v 2
P2 = = du®, D2=0,K=0
Vi+r?

d)n=(cosu,sinu,0), g1 = r’du? + r’sin’u dv?, Dy = rsinu, ¢, = r sin?udu® + r dv?,

D, = rsinu, K=1/r
e) n = (cos u, sin u, 0), ¢y = r’sin“u du® + r’cotg®u dv?, D; = rcos’u,

@ = r cos’u du® - r dv?, Dy = -r’cosu, K = -1/ r?

1 . .
fin= (bsinucosv,bsinusinv,acosu),

JbZsinu+a?cos’u

o1 = (@%cos’u + bsin“u)du® + a’sin®u dv?, D; = a’sin“u (a’cos’u + bsinu),

—ab —absin®u
P2 = 2 2 2 -2 du2+ 2 2 2 2 dvz’
x/a cos“u+b°sin-u x/a cos“u+b°sin‘u
a’b?sin®u b?

Dz = A yIN = .
a’cos’u+b*sinu a’(a®cos’u+b?sin®u)?



1
gOn=——ow—
\J4b%u? + a?

Dy = a°u’(a’® + 4b°W?), ¢, =

(—2bucosv,—2businv,a) ¢, = (a® +4b’u?)du® + a’u® dv?,

2ab du? 2abu?®

\[4b%u® +a’ \/4b%u® +a’

dv?,

_ 4a*iu? sk
> 4b%*+a’’ 16b'u’-a’
— 1 — 2 2 2 2 - 2 2
hyn =———(-v,—u1), ¢ = (1+v°)du® + uv du dv + (1+u)dv", D; =1 + U+ V",
V1+u? +v?
1 -1 -1
= ——— dudv,Dy= K=
v J1+u? +V2 EETRTLI (L+u’® +v?)?
i) n= ! (—bcosv,—bsinv,asinhu),

\Ja%sinh?u +b? cosh? u?
o1 = (@sinh®u + b’cosh? u)du? + a’cosh?u dv?,
D = a’coshu(a’sinh?u + b%cosh? u),
a(bsinh?*u—coshu) | , acoshu
du +

= dv?,
\JaZsinh?u+b?cosh?u -Ja?sinh?u +b2cosh?u
D, = a” coshu(bsinh®u—coshu) . _ bsinh?u —coshu
a’sinh?u+b?cosh’u coshu(a?sinh?u+b? cosh’u)

(cosu,sinu,—rsinhv), ¢ = rPcosh?v du® + r’cosh?v dv?, Dy = r*cosh’v,

J) n :;-
v1+r?sinh®v
1 , 1 , 1
P = - du® + dv®, Dy = . :
rv1+r?sinh?v rvl+r?sinh?v r?(1+r?sinh®v)
-1

r®cosh® v(L+r®sinh®v)
k) n = (-cos U cos v, -Cos U sin v, -sin u), ¢ = r’du® + (d + r cos u)?dv?,
cosu
> p,=  cosu

D1:r2(d+rcosu)2,@:#du2+—dv =
d +rcosu r r(d +rcosu)

B cosu
r(d +rcosu)®

1 . 2.2 2, .2 N 42 202, 22
l)n=——=—(bsinv,bcosv,au), ¢ = a“du” + (b“+ a°u?) dv-, D; = a“(b" + a“u”),
~/b? +a?u?
_ab _ah? _p?
= o —dudv,Dp= -~~~ K= _ —
2 b? +a%u? ? (b? +a’u?)? (b* +a’u?)?

m) n = 12(—sin U,cosu—1) , g = (2 +v?)d u? + 2du dv + 2dv%, D1 = 202, ¢, = -1/2 du?,
A\

D,=0,K=0

Problem 2: Evaluate Cartesian coordinates of point T determined by given curvilinear coordinates
on surfaces that are defined by vector functions from respective letter of problem 1., and find
equation of tangent plane to surface at this point:

a) T=p(1,1)



b) T=p(rn, n)

c) T=p(m 1)

d) T=p(n/?2,0)
e) T=p(n/2,m/2)
) T=p(x, n)

g) T=p(1,37/2)
h) T=p(2,2)

i) T=p,0)

1) T=p(0, n/2)
K) T=p(m, n/2)
) T=p(, )
m) T =p(n/2, 1)

Solution:a) T=[1,1,0], z=0
) T=[-r,0,7n], XIr+z—m+1=0
c)T=[r01], x+rz=0
d)T=[r,0,r], y=0
e)T=[0,r,0], y=r
f)T=[0,0,-b], z+b=0
g) T=][0, a, b], 2by +az-3ab=0
hYT=[2,2,4], 2x+2y-z-4=0
i)T=[a00], x-a=0
)T=[0,a,0], x=0
kKYT=[0,d-r,0], y+r—-d=0
NT=[-a0,b], by+az-ab=0
m)T=[111+7n2], 2x+2z-1=0

Problem 3: Calculate angle formed by iso-parametric curves on surfaces from problem 1.

Solution: a) cosw = =—=0,0=90"

b) cosw = =0,0=90°

C) cosw = =i=0,a)=90°

JEG rv
F

0

d) cosw = =
) JEG r?sin?u

=0,0=90"




F 0

€) cosw = = =0,0=90°

) cose JEG r?cosu @

f) cosw = = 0 =0,0=90"
JEG  a’sinu-/a’cos’u+b?sin?u

F 0

g) cosw = = =0,0=90°
JEG  au./(a? +4b%u?)

h) cosw = = i = A o =arccosA
JEG . J@+u?)(L+v?)

. F 0

1) coswm = = =0,0=90°

) \JEG acoshu(a®cosh®u+b?sinh*u)

. F 0

Ccosw = = =0,0=90"

J) cose JEG r?cosh’v @

k) cosw= Fo_ 0 >=0,0=90"
~JEG  r4(d +rcosu)

F 0

) cosw = = =0,0=90"

) JEG a*(b®+a’u?)

m) cosw = 2 = A @ =arccosA

EG .22+

Problem 4: Find area of surface patch from problem 1. defined on region Q < R?:
a) Q=(-2,2)x(0,3)
b) Q =<0, 2r) x (0, 10)
c) Q=(0,2r) %0, 1)
d) Q=¢0,7)x(0,2n)
e) Q=(-mn/2,m/2)x(0,2n)
f) Q=(0,n)x(0,2n)
g) Q=(0,1)x(0,2m)
h) Q=¢(1, 1Y
) Q=¢1,1)x(0,2n)
j) ©=¢0,In(2)) %<0, 2 )
k) Q =<0, 2r) x (0, 2m)
) Q=(0,1)x(0,2m)
m) Q=(0,1)x (0, 2 )

32
Solution: a) P= ijﬁduow: (udUdV=12



1027

) P = [[VDidudy = [ frdudv = 20nr
Q 00

c) P= J-J.\/ﬁldudv: Tirvx/mdudv: a-1+r?
Q 00

2nm

d) P= ﬂﬁdudv: ”rzsinududv:4nr2

2n2

e) P= .U\/_dudv—.”r cosududv = 4nr?

2nn abarccos®
f) P= ”\/Hldudv: ”a2 sinuv/a? cos® u+b?sin? ududv = 2r(a’ + g
Q 00 sin(arcco&b)

g) P= j'j\rdudv_ ”aumdudv_ > (/@ +4b%)° -a?)
h) P= J.'f\/idudv ”/ +U® +v dudv_—+ (xf In(7 +4-/3))

|) -1-1

271
P= II\/EdUdV= IIaCOShU\/aZ sinh? u +b? cosh? ududv =
Q 0-1

2 2 2 _
=7 | (e*-1a’ +b’ Ja?(e? —1)% +b2(e? +1)* + 4b%? arctan Ja® +b% (* -1)
2e?Ja? +b? e 002 (et +1)°

) P= ﬂxﬂdudv= 2]Eljr2 cosh? ududv:i;zr2
Q 00

2727

k) P= J'_[\ﬂdudv: jjr(d +rcosu)dudv =47z2rd
Q 00

27l 5 5
) P= [[/Ddudv= |[fa/a%u? +b?dudv :ﬂ(axmmz i azWJ
Q 00

a

271l

m) P= H\ﬂdudv: Hxﬁvdudv:x@z



