PROBLEMS ON CURVES

Problem 1: Space curve is determined by vector function

a) r(t)=(sint, cost, 2 +t%)
b) r(t) = (2t, —t3, 1)

c) r(t) =(cost, 1/cost, sin t)
d) r(t)=(sint, cost, tant)

e) r(t) =(e', e* t.e")

Find elements of the Frenet — Serret moving reper (vectors t, b, n) and trihedron (equations of
lines - tangent, normal and binormal, equations of planes - osculating, rectification, normal) of the
curve, derive functions of the first and the second curvature, and calculate coordinates of the curve
point P with curvilinear coordinate t = 0, vectors t, b, n and values of curvatures 'k, %k in P.

Solution:

e)

2 1 1 2 0 o
2) P=[0L21,t(0) = (10.0).b(0) = (O~ 2hn(0) = O, k(0) = J5,%(0) =0
b) P =[0,0,~1],t(0) = (1,0,0), b(O)—(OlO) n(0)—(00—1) 1k(0)—052k(0)—15

¢) P =[11,0],t(0) = (0,0,1),b(0) = (_T \/_0) n(0) = (\/_ \/_0)1k(0) J2,%(0) =0

d) P =[0,1,0],t(0) = (%,o,%) b(0) = (T’O’_T)’ n(0) = (0,~1,0),(0) = 0.5,%k(0) = —1.5

P=[110],t(0) = (\/—TT ,b(0) = (0,- \/—\/—) n(0) = (\/—\/l—\/—)
. V5 ooy
() = = k(0) = -2

Problem 2: Determine function of the first curvature ‘k(t) of curve defined by vector function

a)
b)
c)
d)
e)
f)
9)
h)
i)
)
K)
1)

r(t) =(acost, bsint, 0),t € (0, 2rn),a, b € R - ellipse

r(t) = (a/cost,btant, 0),t € {0, 2n), a, b € R - hyperbola

r(t) = (t, pt’, 0), t € R, p € R - parabola

rt) = (t,a, 0),t e R,a e R, a=1-exponential curve

r(t) = (t, logat, 0),t e R*, a € R, a = 1 - logarithmic curve

r(t) = (t, sint, 0), t € R —sinusoidal curve

r(t) =(t, tan t, 0), t € (- n/2, n/2) - graph of function tangents

r(t) = (t, sinh t, 0), t € R —chain curve

r(t) =(acost, bsint, vt), t € (0, 2r), a, b € R — elliptic helix

rit) =(r (1-t) cos 2nt, r (1 - t) sin 2m, vt), t € (0, 2x), r, v € R - conical helix
r(t) = (rsintcos 2t, -r sintsin 2t, r cos t), t € (0, n), r € R - spherical helix
r(t)y=(-rsintcost, r cos? t, r sin t), t € (0, 2x), r € R — Viviani curve

m) r(t) =(rcost, rsint, rsintcost), t € (0, 2n ), r € R - bended circle
and find curve points with the extremal curvature.

Solution: a) 'k(t) =

ab
Ja?sin?t +b?cos?t
vertices P(n/2), P(3n/2) - 'k(t) = a*b - min

, major vertices P(0), P(n) - *k(t) = ab™ - max, minor

abcos’t
(@°sin?t +b?)/a’sin’ t + b’

b) *k(t) = , major vertices P(0), P(n) - *k(t) = ab - max



¢) () = 2p , vertex P(0) - X(t) = 2p - max
(1+4p2t?)1+4pt?

Ina
d) k(t) = , o extrema
) O t?(1+t2In%a)*?

a'ln’a
1
e) k(t) = m, no extrema

)= M by k) = 1 - max
f) k(1) (Lt cos? )" (m/2) - k(1)
6) k()= 2SOt o (t) = 1 - max
~ (1+cos't)*?’
sinht

Ja®v?cos’t +b?v?sin’t + aZb?
(@®sin*t+b*cos’t +v?)*?

i) K(t) =

> - min

P(0), P(n) - *k(t) = ﬁ max, P(n/2), P(3n/2) -k (t) = o

rd,

4o d = rP2-2t+t?)+v2,d, = [rP(3-2t +12) +V?(5-2t +1?)

) k@) =

4

rv
2 2 r-re +T_2VZ
P(l) _ 1k(t) — @- max, P(tl), P(tZ) '1k(t) = \ '

2 2\3/2 3/2
(r*+v?) —3r® +rv* —6riv? +2rv*
r(r? +v?)

2r% +2r*v2 +./2. /- r*(r? +v?)(5r° — rv* +10rv?)
2r° +2r%?

min, t,, =

4(~7 +3c0s2t)* + (1—6¢0s2t + 3cos4t)? +576¢c0s° tsin* t
r(x/(cost—Scosz)2 +4sin’t +(sint —3cos3t)*)®

k) lk(t) — 4\/

P(0), P(r) - *k(t) = 138r \ g _max, P(x/2), PGn/2) - K(t) = ; \/? - max,

x/4(1+ cos’ t) +sin®t(2+cos2t)’

1) K(t) =
) kO r./(1+cos’t)®
P(0), P(r) - 'k (t) = i max, P(n/2), P(3n/2) - k(t) = Z*F - max

m) K(t) = \/1+ cos’ t(—2+c0s2t)® + (2 +sintcos2t)?
r./@+cos’ 2t)° ’

P(0), P(r) - k(1) = i\/j -min, P(n/2), P(3m/2) - *k(t) = f max




Problem 3: Find all such values of parameter t that define points with the extremal second
curvature on the curve, which is hodograph of the vector function

a) r)=(t,*-1,1-1),teR

b) r(t) = (sin 2t, 2sin t, cos t)

c) r(t)=(acost, bsint, vt), t € (0, 2n), a, b € R —elliptic helix

d) r(t) =(r (1L -t)cos2nt, r (1-1t)sin2x, vt),t € (0, 1), r,v € R - conical helix

e) r(t) = (r sin ©t cos 2xt, -r sin wt sin 2xt, r cos nt), t € (0, 1), r € R - spherical helix

f) r(t) = (-rsintcost, rcos’t, rsint), t e (0, 2n), r € R — Viviani curve

g) r(t)=(rcost, rsint, rsintcost),t e (0, 2n ), r € R—bended circle

Solution:.a) %k(t) =0, t € R
b) %k(t)=0,te R

abv abv .
c) ’k(t) = , P(0), P(nt) - *k(t)=———— - min,
) kO a’v?cos’t +b?v?sin’t +a’b? (). P - kO a’v? +a’b’
bv
P(n/2), P(31/2) - %k(t) = — Y - max
(n/2), P(3m/2) - “k(t) 07y? & 272
7-2t+t° 7 :
d) %k(t) = , P(0) - *k(t)=————-min
) k@ r’(3—2t+t?)+v3(5-2t +t?) (0)-7k® 3r? +5v?
% (1) = —11cost +3cos3t + 4(sin 2t — 6sin 4t + 3sin 6t)
e) r((—7+3cos2t)? +4(1—6cos2t +3cos4t)? +576 sin® tcos’ t))
P(0) - max, P(r) — min, %k(t) = 4
17r
6cost +3
2k (t) = , P(0) - max, P(r) — max, 2k(t) = — =
f) ® r(4(1+cos®t) +sin’t(2 + cos2t)?) ©) 2 © 4r
2 (1) = 12 cos2t
9) r(4(=7+3cos2t)* + (1-6cos2t + 3cos4t)® +576 cos® tsin® t)

P(0) - max, P(r) — max, 2k(t) = 1172r P(x/2), P(37/2) —min, 2k(t) = 0

Problem 4: Find out which of the curves determined by vector functions
a) r(t)=(rcost, rsint, vt), t € (0, 2r), r € R — cylindrical helix
b) r(t) =(acost, bsint, vt), t € {0, 2r), a, b € R —elliptical helix
c)r)=(r(L-t)cost, r(1-t)sint, vt),t e (0, 2rn), r, v e R — conical helix
d) r(t) =(rsintcos 2t, -r sintsin 2t, r cos t), t € {0, n), r € R — spherical helix
are curves of constant slope.
k@) r

Solution: a) o) =
v

3

b)

'kt) 1 (a’v?cos’t+b’visin’t+a’h’
’k(t) abv a’sin’t+b*cos’t +v?

o kO _ o _1(dl)

jz
, Not a constant slope curve

2K(t) rd® r

d



g <O :1(0'2 Js
k() rid,

Problem 5: Find vector function of curve that is the equidistant of curve determined by vector
function

a) r)=(tat’+bt+c,0),teR,ab ceR

b) r(t) =(t, cost, 0),t e (0, 2n)

c) r()=(t,Int, 0),t e (0, )

d) r(t)=(rcost, rsint, vt),t € (0, 2n), r,ve R

e) rl)=((1L-t)cost,0,vt),t €(0,2n),veR

. 2at 1
Solution: a) p(t) =|t+Kk. ,at? + bt +k. 0LkeR
L1+ (2at +b)? L1+ (2at +b)?
~sint -1
b) p(t) = ( costik.,oj,k eR
x/1+sm J1+sin’t

Jnt+k.

t+k.—— keR
( N 1+1t? x/l-i—t J
d) p(t) = (cost(r £k/r* +v?,sint(r £k/r> +v*,vt),k e R

k(cost+(1—t)sint)j KeR
bd '

d = /(cost + (L-t)sint) +v2,b = 2sint + (t —1) cost

c) p(t)=

vk
t)=| (1-t)cost+t—,0,vt*
) PO [( Jcost= &

Problem 6: Find vector function of quadratic curve defined on interval (0, 1), with the start point
P(0) and end point P(1), while vector d(t) is direction vector of tangent to curve in the point P(t)
a) P(0)=[2,2,0],P(1)=]0,2,2],d(0)=(2,3,-2)
b) P(0)=[4,0,0],P(1)=1]0,4,0],d(1)=(21,3)

Solution: a) r(t) = (-4t* + 2t + 2,-3t* + 3t + 2, 4t°- 21)
b) r(t) = (6t* — 10t + 4,-3t* + 7t,- 3t* - 3t)

Problem 7: Find vector function of cubic curve defined on interval (0, 1), with the start point P(0)
and end point P(1), while vectors d(0) and d(1) are direction vectors of tangent lines to curve in
the respective points

a) P(0)=[2,1,0],P(1)=11,4,2],d0)=(0,0,2),d(1)=(0,2,0)

b) P(0)=[0,0, 4], P(1) =10, 0, 0], d(0) = (1, 1, -1), d(1) = (-1, -1, 0)

Solution: a) r(t) = (2t>- 3t% + 2,-4t3 + 7t* + 1,-2t3+ 2t* + 21)
by r(t) = (- ? + t,-26 + 2 + t, 8- 12t° + 4)

Problem 8: Find vector function of cubic curve defined on interval {0, 1), with the start point P(0)
and end point P(1), while vector d(0) is direction vector of tangent line and vector b(0) is direction
vector of binormal to the curve in the point P(0)

a) P(0)=11,0,0],P(2)=10,1,1],d(0)=(1,0,0),b(0)=(0,0,-1)

b) P(0)=12,2,0],P(2)=10,0,2],d0) =0, 1,0),b(0)=(0,0,1)

Solution: a) r(t) = (@t? + (-2 -a)t* +t + 1, 1% - % % 1)
by r() = (-1% - %P+ 2 at’ — (a+ )P+t +2, 265



