
PROBLEMS ON VECTOR FUNCTIONS III 

 

Problem 1: For the following functions   

a) r(t) = (sin t, cos t, 3 + t
2
), p(t) = (2t, −t

3
, t

2 
−1)  

b) r(t) = (cos t, 1/cos t, sin t), p(t) = (sin t, cos t, tan t) 

c) r(t) = (e
t
, e

2t
, t.e

t
), p(t) = (e

−t
, te

t
, e

t
) 

d) r(t) = (ln(t
2
 + 2t + 1), ln(t + 2), t.ln

-1
 (t + 1)), p(t) = (ln(t + 1)

-1
, ln

-1
(t + 2), t.ln (t +1)) 

evaluate their scalar and vector product in the point t = 0. 

Solution: a) r(0) = (0,1,3), p(0) = (0,0,−1), r(t).p(t) = 2tsin t −t
3
cos t + t

4 
+ t

2 
–3, r(0).p(0) =–3, 

          r(t)  p(t) = ((t
2 

− 1) cos t – t
3 

(t
2
 + 3), −(t

2 
− 1)sin t + 2t (3 + t

2
), −t

3 
sin t

 
– 2t cos t), 

          r(0)  p(0) = (−1, 0, 0) 

      b) r(0) = (1, 1, 0),.p(0) = (0, 1, 0), r(t).p(t) = 1 + cos t sin t + sin t tan t, r(0).p(0) = 1,  

          r(t)  p(t) = (−sin t cos t + sec t
  
tan t, −sin t + sin

2
t, cos

2
t
 
−

 
tan t),  

          r(0)  p(0) = (0, 0, 1) 

      c) r(0) = (1, 1, 0),.p(0) = (1, 0, 1), r(t).p(t) = 1 +te
3t

 + te
2t

, r(0).p(0) = 1,  

          r(t)  p(t) = (e
3t 

–t
2
e

2t
, e

2t
 −t, te

2t
 −e

t
), r(0)  p(0) = (1, 1, −1) 

      d) r(0) = (0, ln 2, 0),.p(0) = (0, 1/ln2, 0), r(t).p(t) = 1 +t
2
 + ln(t

2
 + 2t + 1) . ln(t + 1)

-1
,   

          r(0).p(0) = 1,  

          r(t)  p(t) = (t.ln (t +1).ln(t + 2) − t.ln
-1

 (t + 1). ln
-1

(t + 2),  

                    t.ln (t +1). ln(t
2
 + 2t + 1) − t.ln(t + 1)

-1
.ln

-1
 (t + 1), 

         ln(t
2
 + 2t + 1).ln

-1
(t + 2) − ln(t + 2). ln(t + 1)

-1
), 

         r(0)  p(0) = (0, 0, 0) 

 

Problem 2: Determine sum s(t) and difference d(t) of vector functions  r(t) = (2t, t
3
 +t − 1, 1 + t

2
),  

p(t) = (2t, 1 − t
3
, t − t

2
) and find the value of scalar and vector product of functions s(t) and  d(t) in 

the point t = 1. Prove validity of equalities 

  s(t).d(t) = (r(t) + p(t)).( r(t) − p(t)) = r(t). r(t) − p(t).p(t) 

  s(t)  d(t) = (r(t) + p(t))  ( r(t) − p(t)) = p(t)  r(t) − r(t)  p(t) 

Solution: s(t) = r(t) + p(t) = (4t, t, 1 + t), d(t) = r(t) − p(t) = (0, 2t
3
 + t − 2, 2t

2
 – t + 1),  

s(t).d(t) = 2t
4
 + 2t

3 
+ 2t

2 
– 2t + 1, s(1) = (4, 1, 2),.d(1) = (0, 1, 2), s(1).d(1) = 5 

r(t).r(t) – p(t).p(t) = t
6 

+ 3t
4
 – 2t

3 
+ 7t

2 
– 2t + 2 – (t

6 
+ t

4
 – 4t

3 
+ 5t

2 
+ 1) = 2t

4
 + 2t

3 
+ 2t

2 
– 2t + 1 

s(t)  d(t) = (–2t
4 

–2t
2 

+2t +2, −8t
3 

+ 4t
2
 −4t, 8t

3
 + 4t

2
 − 8t), s(1)  d(1) = (0, −8, 4) 

p(t)  r(t) − r(t)  p(t) =  

= (–t
4 

−t
2 

+ t + 1, –4t
3 

+ 2t
2
 −2t, 4t

4 
+ 2t

2
 −4t) − (t

4 
+ t

2
 −t −1, 4t

3 
−2t

2
 + 2t, −4t

4 
−2t

2 
+ 4t) =  

= (–2t
4 

–2t
2 
+2t +2, − 8t

3 
+ 4t

2
 −4t, 8t

3
 + 4t

2
 −8t), p(t)  r(t) − r(t)  p(t) = (0, −8, 4) 

 

Problem 3: Find the first and the second derivative of the scalar and vector product of vector 

functions 

a)  r(t) = (2t, t
2
 – 1, 1 −.t), p(t) = (−2t, t – 1, t) 

b) r(t) = (sin 2t, 2sin t, cos t), p(t) = (2cos t, cos 2t, sin 2t) 

c) r(t) = (ln(t +1), ln (t + 1)
 -1

, 1), p(t) = (ln(t + 1)
-1

, 1, ln(t + 1)) 

d) r(t) = (sin t, cos t, 1), p(t) = (tg t, cotg t, a
t
) 

and evaluate their values in the point t = 0. 

Solution:.a) [r(t).p(t)]´ = 3t
2
 −6t + 1, [r(1).p(1)]´ = 1 

          [r(t).p(t)]´´= 6t −6, [r(1).p(1)]´´ = −6 

          [r(t)  p(t)]´ = (3t
2
 + 2t – 3, 2, 6t

2
 +4t –4), [r(t )  p(t )]´t=0 = (– 3, 2, – 4) 

          [r(t)  p(t)]´´ = (6t + 2, 0, 12t + 4), [r(t)  p(t)]´´t=0 = (2, 0, 4) 



       b) [r(t).p(t)]´ = −7sin t sin 2t + 8cos t cos 2t, [r(0).p(0)]´ = 8 

           [r(t).p(t)]´´= −22sin t cos 2t −23cos t sin 2t, [r(0).p(0)]´´ = 0 

[r(t) p(t)]´=(4cost sin2t+5sint cos2t, 4(−sin2t cos2t+cost sint), 2(cos
2
2t–sin

2
2t)–4(cos

2
t–sin

2
t)), 

            [r(t)  p(t)]´t=0  = (0, 0, –2) 

[r(t) p(t)]´´=(−14sint sin2t+13cost cos2t,8(sin
2
2t–cos

2
2t)+4(cos

2
t–sin

2
t),16(sint cost−sin2t cos2t),  

            [r(t)  p(t)]´´t=0 = (13, −4, 0) 

       c) [r(t).p(t)]´ = (t + 1)
-1 

ln(t + 1)
-1 

+ (t + 1)ln(t + 1) + t + 1 + (t + 1)
-1

, 

           [r(t).p(t)]´t=0 = 2 

            [r(t).p(t)]´´= – (t + 1)
-2

ln(t + 1)
-1 

+ ln(t + 1) +3 – (t + 1)
-1

, [r(t).p(t)]´t=0 = 2 

            [r(t)  p(t)]´=((t+1)ln(t+1)+(t+1)
-1

ln(t+1)
-1

,2(t+1)
-1

ln(t+1)–(t+1),(t+1)
-1

ln
2
(t+1)

-1   

  
+2(t+ 1)ln(t + 1)ln(t + 1)

-1
), [r(t)  p(t)]´t=0 = (0, –1, 0)) 

            [r(t)  p(t)]´´t=0 = (1, 2, 2) 

      d) [r(t).p(t)]´ = 2(sin t – cos t) + sin
3
t cos

-2
t+ cos

3
t sin

-2
t + a

t
lna,  

          [r(t).p(t)]´t=0 = –2 + lna 

          [r(t).p(t)]´´=2(sin t+cos t)+sin
2
t cos

-3
t(3cos

2
t+sin

2
t)+sin

-3
t cos

2
t(3sin

2
t+cos

2
t)+a

t
ln

2
a, 

          [r(t).p(t)]´t=0 = 2 + ln
2
a 

          [r(t)  p(t)]´ = (a
t
(lna cos t – sin t)+sin

-2
t, a

t
(lna sin t + cos t) –cos

-2
t, cos t – sin t),  

                     [r(t)  p(t)]´t=0 = (lna, 0, 1) 

          [r(t)  p(t)]´´t=0 = (ln
2
a – 1, 2 lna, –1) 

 

Problem 4: Find partial derivatives of the second order for vector functions with two variables  

a) f(u,v) = (u.v, u + v, uv
-1

),  b) f(u,v) = (sin u sin v, sin u cos v, u.cos v) 

c)   f(u,v) = (e
u.v

, e
u+v

, e
u/v

),  d) f(u,v) = (ln u ln v, arcsin u arccos v, tan u. arctan v) 

Solution: a)  fu(u,v) = (v, 1, v
-1

), fv(u,v) = (u, 1, −uv
-2

), 

          fuu(u,v) = (0, 0, 0), fvv(u,v) = (0, 0, 2v
-3

), fuv(u,v) = (1, 0, −v
-2

), fvu(u,v) = (u, 1, −v
-2

) 

b) fu(u,v) = (cos u sin v, cos u cos v, cos v), fv(u,v) = (sin u cos v,−sin u sin v,−u sin v) 

fuu(u,v) = (−sin u sin v,−sin u cos v,0), fvv(u,v) = (−sin u sin v,−sin u cos v,−u cos v) 

fuv(u,v)=(cos u cos v,−cos u sin v,−sin v), fvu(u,v)=(cos u cos v,−con u sin v,−sin v) 

c) fu(u,v) = (ve
u.v

, e
u+v

, v
-1

e
u/v

), fv(u,v) = (ue
u.v

, e
u+v

, − uv
-2

e
u/v

) 

fuu(u,v) = (v
2
e

u.v
, e

u+v
, v

-2
e

u/v
), fvv(u,v) = (u

2
e

u.v
, e

u+v
, uv

-3
e

u/v
(v

-2
+2)) 

fuv(u,v) = (e
u.v

(1+uv),e
u+v

,−v
-2

e
u/v

(1−uv
-1

)), fvu(u,v) = (e
u.v

(1+uv),e
u+v

,−v
-2

e
u/v

(1−uv
-1

) 

      d) 
2222 1

tan
,

1

arcsin
,

ln
),(,

cos

arctan
,

1

arccos
,

ln
),(

v

u

v

u

v

u
vu

u

v

u

v

u

v
vu vu ff

 

                
223223322 )1(

tan2
,

)1(

sinvar
,

ln
),(,

cos

arctansin2
,

)1(

arccos
,

ln
),(

v

uv

v

uc

v

u
vu

u

vu

u

vu

u

v
vu vvuu ff

 

                     
uvvuuv

vuvu vuuv 2222 cos)1(

1
,

)1)(1(

1
,

1
),(),( ff  

 

Problem 5: Determine the first partial derivatives of vector functions with two variables in the 

point (u, v) = (1, 1) and evaluate values of their scalar and vector product in this point: 

a)  f(u, v) = (−2u, v – 1, u +v) 

b) f(u, v) = (u − v
2
, 1 − u

3
, 3v −2) 

c) f(u, v) = (ln(u + v), ln(u
2
 + v

2
), ln uv) 

d) f(u, v) = (e
u
 + e

v
, e

u
e

v
, e

u
e

-v
) 



Solution:.a) fu(u, v) = (−2, 0, 1), fv(u, v) = (0, 1, 1),  

         fu(u, v). fv(u, v) = 1, fu(u, v)  fv(u, v) = (−1, 2, −2)  

      b) fu(u, v) = (1,−3u
2
, 0), fv(u, v) = (−2v, 0, 3), fu(1, 1) = (1,−3, 0), fv(1, 1) = (−2, 0, 3), 

          fu(u, v). fv(u, v) = −2v, fu(1, 1). fv(1, 1) = −2,  

         fu(u, v)  fv(u, v) = (−9u
2
,−3, 6u

2
v), fu(1, 1)  fv(1, 1) = (−9,−3, 6)  

c) fu(u, v) = ((u + v)
-1

, 2u(u
2
 + v

2
)
-1

, u
-1

), fv(u, v) = ((u + v)
-1

, 2v(u
2
 + v

2
)
-1

, v
-1

), 

  fu(1, 1) = (1/2, 1, 1), fv(1, 1) = (1/2, 1, 1), 

          fu(u, v). fv(u, v) = (u
2
 + v

2
)
-2

 + 4uv(u
2
 + v

2
)
2
 + (uv)

-1
, fu(1, 1). fv(1, 1) = 9/4,  

         fu(u, v)  fv(u, v) = (2(u
2
−v

2
)(uv(u

2 
+ v

2
))

-1
, (u−v)(uv(u+v))

-1
, 2(v−u)((u+v)(u

2 
+ v

2
))

-1
), 

         fu(1, 1)  fv(1, 1) = (0, 0, 0)  

      d) fu(u, v) = (e
u
, e

u+v
, e

u-v
), fv(u, v) = (e

v
, e

u+v
, −e

u-v
), 

  fu(1, 1) = (e, e
2
, 1), fv(1, 1) = (e, e

2
, −1), 

         fu(u, v). fv(u, v) = e
u+v

 + e
2(u+v)

 − e
2(u-v)

, fu(1, 1). fv(1, 1) = e
2
 + e

4
 −1 

         fu(u, v)  fv(u, v) = (−2e
2u

, e
2u-v

 + e
u
, e

2u+v
 − e

u+2v
), 

         fu(1, 1)  fv(1, 1) = (−2e
2
, 2e, 0)  

 

Problem 6: Find the second partial derivatives of vector functions with two variables and 

calculate value of the scalar and vector product of the second derivatives with respect to the same 

variables, mixed product of all three second partial derivaives in the point (0, 0). 

a)  f(u, v) = (u.v, u + v, u/v),  b) f(u, v) = (sin u sin v, sin u cos v, u.cos v) 

c)   f(u, v) = (e
u.v

, e
u+v

, e
u/v

),  d) f(u, v) = (ln u ln v, arcsin u arccos v, tan u. arctan v) 

Solution: a)  fu(u,v) = (v, 1, 1/v), fv(u,v) = (u, 1, −1/v
2
) 

      b) fu(u,v) = (cos u sin v, cos u cos v, cos v), fv(u,v) = (sin u cos v, −sin u sin v, −u sin v) 

      c) fu(u,v) = (v.e
u.v

, e
u+v

, e
u/v

/v), fv(u,v) = (u.e
u.v

, e
u+v

, −e
u/v

/v
2
) 

      d) 
2222 1

tan
,

1

arcsin
,

ln
),(,

cos

arctan
,

1

arccos
,

ln
),(

v

u

v

u

v

u
vu

u

v

u

v

u

v
vu vu ff  

 

Problem 7. Determine all partial derivatives of vector functions with three variables with respect 

to all three variables and value of their mixed product in the point (u, v, w) = (1, 1, 0): 

a)  p(u, v, w) = (2u
3
, v

3
 – 1, sin w) 

b) p(u, v, w) = (u − v
2
, v − w

3
, uvw) 

c) p(u, v, w) = (ln(u + w), e
u+w

 – v, e
v
(u − w)) 

d) p(u, v, w) = (sin u + sin v + sin w, wcos u cos v, sin (u v
 -1

) – cos(vw
-1

)), (u, v, w) = ( , , ). 

Solution:.a) pu(u, v, w) = (3u
2
,0,0), pv(u, v, w) = (0, 3v

2
,0), pw(u, v, w) = (0,0, cos w),  

         [pu(u, v, w), pv(u, v, w), pw(u, v, w)] = 9u
2
v

2
 cos w,  

         [pu(1,1,0), pv(1,1,0), pw(1,1,0)] = [(3,0,0), (0,3,0), (0,0,1)] = 9
 

     b) pu(u, v, w) = (1, 0, vw), pv(u, v, w) = (−2v, 1, uw), pw(u, v, w) = (0,−3w
2
, uv) 

         [pu(u, v, w), pv(u, v, w), pw(u, v, w)] = uv + 3w
3
(u + 2v

2
)  

         [pu(1,1,0), pv(1,1,0), pw(1,1,0)] = [(1,0,0), (−1,1,0), (0,0,1)] = 1
 

    c) pu(u, v, w) = (1/(u + w), e
u+w

, e
v
), pv(u, v, w) = (0,–1, e

v
(u − w)),  

        pw(u, v, w) = (1/(u +w), e
u+w

, −e
v
),  

         [pu(u, v, w), pv(u, v, w), pw(u, v, w)] = 2e
v
 /(u + w)  

         [pu(1,1,0), pv(1,1,0), pw(1,1,0)] = [(1,e, e), (0, −1, e), (1, e, −e)] = 2e
 

    d) pu(u, v, w) = (cos u, −wsin u cos v, v
-1

cos (uv
-1

)), 

        pv(u, v, w) = (cos v, −wcos u sin v, − uv
-2

cos (uv
-1

) + w
-1

sin(vw
-1

)) 

        pw(u, v, w) = (cos w, cos u cos v, − vw
-2

sin(vw
-1

)/) 

         [pu( , , ), pv( , , ), pw( , , )] =  

         = [(−1, 0, 
-1

cos 1), (−1, 0, 
-1

(cos 1 + sin 1), (−1, 1, −
-1

sin 1)] = 
-1

sin 1
 


