PROBLEMS ON VECTOR FUNCTIONS I

Problem 1: For the following functions

a) r(t)=(sint, cost, 3+ %), p(t) = (2t, 3, t* 1)

b) r(t) =(cost, 1/cost, sint), p(t) = (sint, cost, tan t)

c) rt) =(e', e* te"), p(t) = (e, te', &)

d) r() = (In(+2t+1), In(t+2), tIn £+ 1)), p(t) = (In(t + 1), In(t + 2), t.In (t +1))
evaluate their scalar and vector product in the pointt = 0.

Solution: a) r(0) = (0,1,3), p(0) = (0,0,—1), r(t).p(t) = 2tsin t —t3cos t + t* + 23, r(0).p(0) =3,
r(t) x p(t) = (2= 1) cos t — t* (£ + 3), —(t— 1)sin t + 2t (3 + %), —t3sin t— 2t cos t),
r(0) x p(0) = (-1, 0, 0)

b) r(0) = (1, 1, 0),.p(0) = (0, 1, 0), r(t).p(t) =1 + costsint+sinttant, r(0).p(0) = 1,
r(t) x p(t) = (=sin t cos t + sec t tan t, —sin t + sin’t, cos*t —tan t),
r(0) x p(0) = (0,0, 1)

c) r(0) = (1, 1, 0),.p(0) = (1, 0, 1), r(t).p(t) = 1 +te* + te*, r(0).p(0) = 1,
r(t) x p(t) = (> —t%?, e? —, te? —€"), r(0) x p(0) = (1, 1, —1)

d) r(0) = (0, In 2, 0),.p(0) = (0, 1/In2, 0), r(t).p(t) = 1 +t* + In(t® + 2t + 1) . In(t + 1),
r(0).p(0) = 1,
r(t) x p(t) = (t.In (t +1).In(t + 2) — t.In? (t + 1). I}t + 2),
tIn (t +1). In(f® + 2t + 1) — t.In(t + 1) ".In™ (¢ + 1),
In(t? + 2t + 1).In"(t + 2) — In(t + 2). In(t + 1)),
r(0) x p(0) = (0, 0, 0)

Problem 2: Determine sum s(t) and difference d(t) of vector functions r(t) = (2t, 2 +t — 1, 1 + %),
p(t) = (2t, 1 — £, t — t%) and find the value of scalar and vector product of functions s(t) and d(t) in
the point t = 1. Prove validity of equalities

s(t).d(t) = (r(t) + p(t)).(r(t) — p(t)) = r(). r(t) — p(t).p(t)

s(t) x d(t) = (r(t) + p(t)) x (r(t) —p(t)) = p(t) x r(t) — r(t) x p(t)
Solution: s(t) = r(t) + p(t) = (4t, t, 1 + 1), d(t) = r(t) — p(t) = (0, 28 + t — 2, 28 —t + 1),
s(t).d(t) = 2t* + 2t + 22— 2t + 1, 5(1) = (4, 1, 2),.d(1) = (0, 1, 2), s(1).d(1) =5
rt).rt) — p().pt) =+ 3t — 28 + 78— 2t + 2 — (C+ t* — 4+ 52+ 1) = 2t* + 23+ 26— 2t + 1

s(t) x d(t) = (—2t* —2t* +2t +2, —8t> + 4t° —4t, 8t° + 4t — 8t), s(1) x d(1) = (0, -8, 4)

p(t) x r(t) — r(t) x p(t) =

= (-t* —t2)+ t+1, —4t2 +2t2 -2, 4t + 202 —4t) — (t*+ 2 —t -1, 483202 + 2t, —4t* 212+ 41) =
= (2t —2t7 +2t +2, — 81> + 4t% —4t, 8t% + 412 —8t), p(t) x r(t) — r(t) x p(t) = (0, -8, 4)

Problem 3: Find the first and the second derivative of the scalar and vector product of vector
functions
Q) r)=(tt*—1,1-1),p{t)=(-2tt—1,1)
b) r(t) = (sin 2t, 2sin t, cos t), p(t) = (2cos t, cos 2t, sin 2t)
¢) r®) =(In(t+1), In (t+ 1) 1), p(t) = (In(t + 1), 1, In(t + 1))
d) r(t)=(sint, cost, 1), p(t) = (tg t, cotg t, a')
and evaluate their values in the pointt = 0.
Solution:.a) [r(t).p(t)] = 3t —6t + 1, [r(1).p(1)] =1
[r(®)-p(H)] "= 6t -6, [r(1).p(1)]"" = -6
[r(t) x p(t)]” = (3t + 2t — 3, 2, 6> +4t —4), [r(t) x p(t)]'1=0 = (- 3, 2, — 4)
[r(t) x p(h)]" = (6t + 2,0, 12t + 4), [r(t) x p(H)] "t=0 = (2, 0, 4)



b) [r(t).p(t)] = —7sin t sin 2t + 8cos t cos 2t, [r(0).p(0)] =8
[r(t).p(t)] "= —22sin t cos 2t —23cos t sin 2t, [r(0).p(0)] " =
[r(t)xp(t)]'=(4cost sin2t+5sint cos2t, 4(—sin2t cos2t+cost sint), 2(cos’2t-sin?2t)—4(cos’t-sin’t)),
[r(t) x p(tH)]"=0 =(0, 0, -2)
[r()xp(t)]”'=(-14sint sin2t+13cost cos2t,8(sin*2t—cos’2t)+4(cos*t—sin’t),16(sint cost-sin2t cos2t),
[r(t) x p()] "t=0 = (13, =4, 0)
o) [r@).p®] =+ 1) In(t+ 1)+ (t+ DIn(t + 1) +t+ 1+ (t+1)7
[r(t).p(t)] t=0 = 2
[r(®).p(®)] "= — (t+ 1)ZIn(t + 1)+ In(t + 1) +3 - (t + 1), [r(t).p(H)] =0 = 2
[r(t) x p(t)]" =((t+21)In(t+1)+(t+1) In(t+1)?,2(t+1) Hn(t+1)—(t+1), (t+1)  In’(t+1)*
+2(t+ 1)In(t + DIn(t + 1)), [r(t) x p(t)] 0 = (0, -1, 0))
[r() x p(H]"t=0 = (1, 2, 2)
d) [r(t).p(Y)]” = 2(sin t — cos t) + sin®t cos™?t+ cost sin™’t + a'lna,
[r(t).p(1)] =0 =2 + Ina
[r(t).p(t)] "=2(sin t+cos t)+sin’t cos3t(3cos’t+sin’t)+sint cos’t(3sin’t+cos?t)+a'ln’a,
[r(t).p(t)] =0 = 2 + In’a
[r(t) x p(t)]” = (a'(Ina cos t — sin t)+sint, a'(Ina sin t + cos t) —cos™t, cos t —sin t),
[r(t) x p(H)] =0 = (Ina, 0, 1)
[r(t) x p(t)] =0 = (IN*a—1, 2 Ina, —1)

Problem 4: Find partial derivatives of the second order for vector functions with two variables
a) f(uv) = (u.v, u+v,uv?), b)f(u,v) = (sin usin v, sin u cos v, u.cos v)
c) f(uyv)= (euv U e” M, d) f(u,v) = (In u In v, arcsin u arccos v, tan u. arctan v)

Solution: a) fu(u,v) = (v, 1, v, f,(u,v) = (u, 1, —uv?),
fau(u,v) = (0, 0, 0), fu(u,v) = (0, 0, 2v3), fou(u,v) = (1, 0, —v?), fuu(u,v) = (U, 1, —v?)

b) fu(u,v) =(cos u sin v, cos u cos v, cos V), f,(u,v) = (sin u cos v,—sin u sin v,—u sin v)
fuu(u,v) = (=sin u sin v,—sin u cos v,0), fyy(u,v) = (=sin u sin v,—sin u cos v,—u cos V)
fuv(u,v)=(cos u cos v,—C0s u sin v,—sin v), fvu(u v):(cos U COS V,—Con u Sin v,—sin v)

C) f(u V) (Veuv u+v 1 U/V) fv(u V) (ue 2 U/V)

uu(u V) (V2 uv u+v 2 uv) f (U V) (U2 uv 3 u/v(V +2))
fuu(u,v) = (e* (1+uv) e“*" 2e'N(1-uvY)), fvu(u v) (e“"(l+uv) '™ —vZ%eM(1-uvY)

Inv arccosv arctanv] ( )_(Inu —arcsinu tanuj

d) fu(u,v)z( =

J1—u?  cos’u D 1oy 14V
fouv)= Inv uarccosy 2sinuarctanv (Uv) = Inu varcsinu —2vtanu
w R (1-u?)®  cos’u Fw 2 Ja—vd)? @+v?)?

f,uv)="f,(uyv)= S — |
w (M it W' f1-u?)@-v?) @+v*)cos’u

Problem 5: Determine the first partial derivatives of vector functions with two variables in the
point (u, v) = (1, 1) and evaluate values of their scalar and vector product in this point:

a) f(u,v)=(-2u,v-1,u+v)

b) f(u,v)=(u-Vv31-u?3v-2)

¢) f(u, v) = (In(u + v), In(u? + v®), In uv)

d) f(u,v)=(e"+¢", e'e’, e'e™)



Solution:.a) f,(u, v) = (-2, 0, 1), f,(u, v) = (0, 1, 1),

fu(u, v). fu(u, v) =1, fu(u, v) x f(u, v) = (-1, 2, -2)

b) fu(u, v) = (1,-3u? 0), fu(u, v) = (-2v, 0, 3), fu(1, 1) = (1,3, 0), f,(1, 1) = (-2, 0, 3),
fu(u, v). f,(u, v) = —2v, fu(1, 1). f,(1, 1) = -2,
fu(u, v) x f,(u, v) = (-9u?,-3, 6U?v), fu(1, 1) x fy(1, 1) = (-9,-3, 6)

¢) fu(u, v) = ((u + v)™, 2u(u? + VA, ud), fu(u, v) = ((u + v)? 2v(u? + VA v,
fu(1,1) = (1/2, 1, 1), f.(1, 1) = (1/2, 1, 1),
fu(u, V). fu(u, v) = (U% + V2% + duv(u® + V22 + (uv) ™, fu(2, ). fu(L, 1) = 9/4,
fu(u, V) x fi(u, v) = QU2 (uv(u® + v¥) ™, (U=-v)(uv(u+v))™, 2(v-u)((u+v)(u® + v¥)) ™),
fu(1, 1) x (1, 1) = (0, 0, 0)

d) fu(u, v) = (", "™, e"), fu(u, v) = (e", e"*, —e"),
fu(1, 1) = (e, €2 1), (1, 1) = (e, €%, 1),
fu(u, V). fo(u, v) = "V + 2 — 20V £ (1 1) f(1, 1) = e? +e* -1
fu(U, V) < fv(U, V) — (_2e2u, e2u-v + eu1 eZu+v _ eu+2v)’
fu(l, 1) x f,(1, 1) = (—2€2, 2e, 0)

Problem 6: Find the second partial derivatives of vector functions with two variables and
calculate value of the scalar and vector product of the second derivatives with respect to the same
variables, mixed product of all three second partial derivaives in the point (0, 0).

a) f(u,v) =(u.v, u+v,ulv), b)f(u,v)=(sinusin v, sin u cos v, u.cos V)

c) f(u, v) = (", e, e"™), d)f(u, v) = (In ulnv, arcsin u arccos v, tan u. arctan v)

Solution: a) fu(u,v) = (v, 1, 1), f.(u,v) = (u, 1, -1V
b) fu(u,v) = (cos u sin v, cos u cos Vv, cos V), f,(u,v) = (sin u cos v, —sin u sin v, —u sin v)
c) fu(u,v) = (v.e™, e e"pv), f,(u,v) = (u.e", e*™, —e""/v?)

d) fu(u,v):[lnv arccosv arctanv] fv(u’v):(lnu —arcsinu tanuj

u'\1_y? cosu VAR CRRVE I R VE

Problem 7. Determine all partial derivatives of vector functions with three variables with respect
to all three variables and value of their mixed product in the point (u, v, w) = (1, 1, 0):

a) pu,v,w)=u® -1, sinw)

b) p(u, v, w) = (u— V2 v—w>, uvw)

c) p(u,v,w) = (In(u+w), e"™™ —v, e'(u—w))

d) p(u, v, w) = (sin u + sin v + sin w, wcos u cos v, sin (u v ™) — cos(vw™)), (u, v, w) = (r,7,m).

Solution:.a) pu(u, v, w) = (3u%,0,0), pu(u, v, W) = (0, 3v%,0), pw(u, v, w) = (0,0, cos w),

[pu(u, v, W)v pV(u! v, W)! pW(u! v, W)] = 9U2V2 cos w,
[Pu(1,1,0), pu(1,1,0), pw(1,1,0)] = [(3,0,0), (0,3,0), (0,0,1)] = 9

b) pu(u, v, w) = (1, 0, vw), py(u, v, W) = (-2v, 1, uw), pw(U, v, w) = (O,—3w2, uv)
[pu(U, v, W), pu(U, v, W), pu(U, v, W)] = uv + 3w3(u + 2v%)
[Pu(1,1,0), pu(1,1,0), pw(1,1,0)] = [(1,0,0), (-1,1,0), (0,0,1)] =1

¢) pu(u, v, w) = (1/(u + w), "™, €"), pu(u, v, w) = (0,1, e'(u — w)),
pw(U, v, w) = (1/(u +w), e*™", —e"),
[pu(u, v, W), py(u, v, W), pw(u, v, w)] = 2e" /(u + w)
[pu(1,1,0), pu(1,1,0), pw(1,1,0)] = [(L,e, €), (0, —1,¢), (1, &, —€)] = 2

d) pu(u, v, w) = (cos u, —wsin u cos v, vicos (uvh),
py(U, v, W) = (COS v, —WCos U sin v, — uv>cos (uv™) + wsin(vw™))
pw(U, v, W) = (cos w, cos u cos v, — vw2sin(vw™)/)
[pu(TC,TE,TE), pV(TC,TC,TC), pW(TE,TC,TC)] =
=[(-1, 0, " cos 1), (-1, 0, m*(cos 1 + sin 1), (-1, 1, —nsin 1)] = n'sin 1




