ULOHY O VEKTOROVYCH FUNKCIACH IlI

Priklad 1: Dané su vektorové funkcie

a) r(t)=(sint, cost, 3+ %), p(t) = (2t, 3, t* 1)

b) r(t) =(cost, 1/cost, sint), p(t) = (sint, cost, tan t)

c) rt) =(e', e* te"), p(t) = (e, te', &)

d) r() = (In(+2t+1), In(t +2), tIn £+ 1)), p(t) = (In(t + 1), In(t + 2), t.In (t +1))
Zistite, comu sa rovna ich skalarny a vektorovy sté¢in v bode t = 0.

RieSenie: a) r(0) = (0,1,3), p(0) = (0,0,—1), r(t).p(t) = 2tsin t —t°cos t + t* + -3, r(0).p(0) =-3,
r(t) x p(t) = ((t?— 1) cos t — t* (£ + 3), —(t— 1)sin t + 2t (3 + %), —t>sin t— 2t cos t),
r(0) x p(0) = (-1, 0, 0)

b) r(0) = (1, 1, 0),.p(0) = (0, 1, 0), r(t).p(t) =1 + costsint + sinttant, r(0).p(0) = 1,
r(t) x p(t) = (=sin t cos t + sec t tan t, —sin t + sin’t, cos*t —tan t),
r(0) x p(0) = (0,0, 1)

c) r(0) = (1, 1, 0),.p(0) = (1, 0, 1), r(t).p(t) = 1 +te* + te*, r(0).p(0) = 1,
r(t) x p(t) = (* %%, e? —, te? "), r(0) x p(0) = (1, -1, —1)

d) r(0) = (0, In 2, 0),.p(0) = (0, 1/In2, 0), r(t).p(t) = 1 +t* + In(t® + 2t + 1) . In(t + 1),
r(0).p(0) = 1,
r(t) x p(t) = (t.In (t +1).In(t + 2) — t.In" (t + 1). I}t + 2),
tIn (t +1). In(t® + 2t + 1) — t.In(t + 1) . In™" (¢ + 1),
In(t? + 2t + 1).In"(t + 2) — In(t + 2). In(t + 1)),
r(0) x p(0) = (0, 0, 0)

Priklad 2: Najdite sucet s(t) a rozdiel d(t) vektorovych funkeii r(t) = (2t, t +t— 1, 1 + t9),
p(t) = (2t, 1 — t°, t — t°) a zistite, Somu sa rovna ich skalarny a vektorovy sugin funkcii s(t) a d(t)
v bode t = 1. Overte platnost’ rovnosti
s(t).d(t) = (r(t) + p(t)).(r(t) — p(t)) = r(®). r(t) — p(t).p(t)
s(t) x d(t) = (r(t) + p(t)) x (r(t) — p(t)) = p(t) x r(t) —r(t) x p(t)
RieSenie: s(t) = r(t) + p(t) = (4t,t, 1 +1), d(t) = r(t) — p(t) = (0, 28 + t — 2, 2> — t + 1),
s@).d(t) = 2t* + 28+ 22— 2t + 1, s(1) = (4, 1, 2),.d(1) = (0, 1, 2), s(1).d(1) =5
rt).rt) — p().pt) =+ 3t — 28 + 78— 2t + 2 - (P + t* — 4+ 52+ 1) = 2t* + 283+ 26— 2t + 1

s(t) x d(t) = (—2t* —2t* +2t +2, —8t> + 4t° —4t, 8t° + 4t — 8t), s(1) x d(1) = (0, 8, —4)

p(t) x r(t) — r(t) x p(t) =

= (-t* —t2)+ t+1, —4t2 +2t2 =2, 4t + 202 —4t) — (t*+ 2 —t -1, 483202 + 2t, —4t* 212+ 41) =
= (2" —2t7 +2t +2, — 81> + 4t% —4t, 8t% + 412 —8t), p(t) x r(t) — r(t) x p(t) = (0, -8, 4)

Priklad 3: N4jdite prvé a druhé derivacie skalarneho a vektorového sucinu vektorovych funkcii
a) r(t)=(2t,t"—1,1-1), pt)=(-2t,t—1,1)
b) r(t) = (sin 2t, 2sin t, cos t), p(t) = (2cos t, cos 2t, sin 2t)
c) r(t)=(In(t+1), In (t+ 1), 1), p(t) = (In(t + 1)"%, 1, In(t + 1))
d) r(t)=(sint, cost, 1), p(t) = (tg t, cotg t, a')
a zistite ich hodnoty v bode t = 0.
RieSenie:.a) [r(t).p(t)] =3t -6t + 1, [r(1).p(1)] =1
[r(®).p()] "= 6t =6, [r(1).p(1)]""=—6
[r(t) x p(t)]” = (3> + 2t — 3, — 2, 6t° +4t —4), [r(t) x p(t)]'=0 = (= 3, = 2, — 4)
[r(t) x p(H)]"" = (6t + 2, 0, 12t + 4), [r(t) x p(1)] "=0 = (2, 0, 4)



b) [r(t).p(t)] = —7sin t sin 2t + 8cos t cos 2t, [r(0).p(0)] =8
[r(t).p(t)] "= —22sin t cos 2t —23cos t sin 2t, [r(0).p(0)] " =
[r(t)xp(t)]'=(4cost sin2t+5sint cos2t, 4(—sin2t cos2t+cost sint), 2(cos’2t-sin®2t)—-4(cos’t-sin’t)),
[r(t) x p(tH)]'t=0 =(0, 0, -2)
[r()xp(t)]”'=(-14sint sin2t+13cost cos2t,8(sin“2t—cos’2t)+4(cos*t—sin’t),16(sint cost-sin2t cos2t),
[r(t) x p()] "t=0 = (13, =4, 0)
o) [r@).p®] =+ 1) In(t+ 1)+ (t+ DIn(t + 1) +t+ 1+ (t+1)7
[r(t).p(t)] t=0 = 2
[r(®).p(®)] "= — (t+ )ZIn(t + 1)+ In(t + 1) +3 - (t + 1), [r(t).p(t)] =0 = 2
[r(t) x p(t)] =((t+21)In(t+1)+(t+1) In(t+1)?, 2(t+1) Hn(t+1)—(t+1), (t+1)  In’(t+1)*
+2(t+ 1)In(t + DIn(t + 1)), [r(t) x p(t)] =0 = (0, -1, 0))
[r() x p(H]"t=0 = (1, 2, 2)
d) [r(t).p()]” = 2(sin t — cos t) + sin®t cos™?t+ cos’t sin’t + a'lna,
[r(t).p(1)] =0 =2 + Ina
[r(t).p(t)] "=2(sin t+cos t)+sin’t cos3t(3cos’t+sin’t)+sint cos’t(3sin’t+cos?t)+a'ln’a,
[r(t).p(t)] =0 = 2 + In’a
[r(t) x p(t)]” = (a'(Ina cos t — sin t)+sint, a'(Ina sin t + cos t) —cos™t, cos t —sin t),
[r(t) x p(H)] =0 = (Ina, 0, 1)
[r(t) x p(t)] =0 = (In*a—1, 2 Ina, —1)

Priklad 4: N4jdite parcialne derivacie Vektorovych funkcii dvoch premennych do radu 2
a) f(uv) = (u.v, u+v,uv?), b)f(u,v) = (sin usin v, sin u cos v, u.cos v)
c) f(uyv)= (euv U e” M, d) f(u,v) = (In u In v, arcsin u arccos v, tan u. arctan v)

RieSenie: ) fy(uv) = (v, 1, v?), f(uv) = (u, 1, —uv?),
fuu(u,v) = (0, 0, 0), fu(u,v) = (0, 0, 2uv™®), fuu(u,v) = (1, 0, —v?), fou(u,v) = (U, 1, —v?)

b) fu(u,v) =(cos u sin v, cos u cos v, cos V), f,(u,v) = (sin u cos v,—sin u sin v,—u sin v)
fuu(u,v) = (=sin u sin v,—sin u cos v,0), fyy(u,v) = (=sin u sin v,—sin u cos v,—u cos V)
fuv(u,v)=(cos u cos v,—C0s u sin v,—sin v), fvu(u v):(cos U COS V,—Con u Sin v,—sin v)

C) f (U V) (Veuv u+v 1 U/V) fv(u V) (ue 2 U/V)
uu(u V) (V2 u.v eu+v -2 uv) fW(U V) (U2 uv 3 u/v(V +2))
fuu(u,v) = (e* (1+uv),e“+" ZeN(1+uvY)), fvu(u v) (e“"(l+uv) e —vZ%eM(1+uvY)

d) . (uv) = Inv arccosv arctanv £ (V)= Inu —arcsinu tanu
u J1_y? cos’u 12 14V

fo(uy)= _Inv uarccosv 2sinuarctanv £ Uv)= _Inu varcsinu —2vtanu
uu 2 '\/(1_u2)3' Cos3u LAY 2 1\/(1_\/2)31 (1+V2)2

1 -1 1
fuv(U,V) = fvu(U,V) _(w’ \/(1_u2)(1_vz) ! (:|__+_\/2)C052 UJ

Priklad 5: Najdite prvé parcialne derivacie vektorovych funkcii dvoch premennych a v bode
(u, v) = (1, 1) vypocitajte ich hodnoty a hodnoty ich skalarneho a vektorového sucinu:

a) f(u,v)=(2u,v-1,u+v)

b) f(u,v)=(u—Vv31-1° 3v -2)

¢) f(u,v) = (In(u + V), In(u? + v?), In uv)

d) f(u,v)=(e"+¢", e’ e'e™)



Riesenie:.a) fy(u, v) = (-2, 0, 1), f,(u,v) = (0, 1, 1),
fu(u, v). fu(u, v) =1, fu(u, v) x f(u, v) = (-1, 2, -2)
b) fu(u, v) = (1,-3u?, 0), f.(u, v) = (-2v, 0, 3), f,(1, 1) = (1,-3, 0), f(1, 1) = (-2, 0, 3),
fu(u, v). fu(u, v) = -2v, fy(1, 1). (1, 1) = -2,
fu(u, v) x f,(u, v) = (-9u%,—3, —6uV), fy(1, 1) x fu(L, 1) = (-9,~3, —6)
¢) fu(u, v) = ((u + V)™, 20U + V)™, u), fi(u, v) = (U + V)™, 2v(u® + V2 v,
fu(1,1)=(1/2,1,1), f(1,1) = (1/2, 1, 1),
fu(u, v). f,(u, v) = (U + V)2 + duv(u? + V)2 + (uv) 2, fu(2, 1). fu(1, 1) = 9/4,
fu(u, v) x fu(U, v) = U3 (uv(u® + v?)) ™, (u—v)(uv(u+v))™, 2(v—u)((u+v)(u® + v3)) D),
fu(1,1) x f,(1,1) = (0, 0, 0)
d) fu(u, v) = (€", ", "), fy(u, v) = (&', """, —e"),
fu(1, 1) = (e, €, 1), f(1, 1) = (e, €%, 1),
fu(u, V). f,(u, v) = "V + 2 — 20V £ (1 1) f(1, 1) = e* +e* -1
fu(u, V) x f\/(u, V) - (_ZeZU’ eZU-V + eu, e2u+V _ eu+2V)’
fu(l, 1) x f,(1, 1) = (—2€2, 2e, 0)
Priklad 6: Najdite druhé parcialne derivacie vektorovych funkcii dvoch premennych a ich
zmie$any sucin a vypocitajte jeno hodnotu bode (0, 0).
a) f(u,v) = (u.v, u+v, (u+1)"h
b) f(u, v) = (sin u sin v, sin u cos v, U.COS V)
C) f(U, V) = (eu.v, eU+V1 eU/V)
d) f(u, v) = (In(u+1) In(v+1), arcsin u arccos v, tan u. arctan v)
RieSenie: a) fu(u, v) = (0, 0, (u+1)"v(v+1), fu(u, v) = (1, 0, (u+1)"(1+(1+v)log(1+u))),
f(u, V) = (0, 0, (U+1)"*!In? (u+1))
[fuu(u, V), fu(u, v), fw(u, v)] = 0
b) fuu(u, v) =(=sin usinv, —sin u cos v, 0), f,(u, v) = (cos u cos v, —cos u sin v, —sin v)
fw(u, v) = (=sin u sin v, —sin u cos v, — UCOS V)
[fuu(u, v), fu(u, v), f(u, V)] =—usinucosu cosv
[fUU(OI 0)1 fUV(01 0)! fVV(Ol O)] = 0
¢) fuu(uv) = (VZe™, ", e"Iv?), fuu(u,v) = ((1+uv)e™, e, —(u+v)e""i?),
fo(U,v) = (u%e™, ", u(u+2v)e" i)
fuu(U, V), Fuu(U, V), f(U, V)] = (203 + v2+ v*—Uu?(1+3v%)+2uv(2v>—1))e UV 4
[fuu(0, 0), fu(0, 0), f,(0,0)] =0

_In(1+v) uarccosv
@+u)* " Ja-u?)®
-1 sec’ u)

1
A+wA+V) V1—u?J1-v? 1+V?

£ (uy)=| ZIN@+U) —varcsinu 2vtanu
S (FR \/(1_\/2)3 @A) |

[fu(0, 0), fuw(0, 0), f(0, 0)] =0

d) fuu(U,V)—L

,2arctanvsec2 utanu ],

fuv(u,v):[




Priklad 7. N4jdite prvé parcidlne derivacie vektorovych funkcii troch premennych podrla vsetkych
premennych a v bode (u, v, w) = (1, 1, 0) vypocitajte hodnotu ich zmie$aného sucinu:

a) p(u,v,w)=2u*Vv*—1,sinw)

b) p(u, v, w) = (u— V2 v—w>, uvw)

c) p(u,v,w)=(In(u+w),e"™—v, e'(u—w))

d) p(u, v, w) = (sin u + sin v + sin w, wcos u cos v, sin (u v ) — cos(vw™)), (u, v, w) = (r,7,m).

RieSenie: .a) pu(u, v, W) = (6u%,0,0), py(u, v, w) = (0, 3v2,0), pu(u, v, w) = (0,0, cos w),

[pu(u, v, W), py(u, v, W), pu(u, v, w)] = 18u?? cos w,
[pu(lvl’o)’ pV(lvl’O)! pW(l’lvo)] = [(3’010)’ (0’310)! (0’011)] = 18

b) pu(u, v, w) = (1, 0, vw), py(u, v, W) = (-2v, 1, uw), pw(U, v, w) = (O,—3w2, uv)
[pu(u, v, W), pu(U, v, W), pu(U, v, W)] = uv + 3w3(u + 2v%)
[pu(lvl’o)’ pV(lvl’O)! pW(l’lvo)] = [(1’010)’ (_1’110)! (0’011)] = 1

¢) pu(u, v, w) = (1/(u + w), e, €"), pu(u, v, w) = (0,1, e'(u — w)),
pw(U, v, w) = (1/(u +w), "™, —e"),
[pu(u, v, W), py(u, v, W), pw(u, v, w)] = 2e" /(u + w)
[pu(l’l'o)! pV(]-’llO)! pW(l,l,O)] = [(1161 E), (0’ _1! e), (1! e, _e)] =2e

d) pu(u, v, w) = (cos u, —wsin u cos v, v''cos (uvh)),
py(U, v, ) = (COS v, —Wcos u sin v, — uv2cos (uv™) + wsin(vw™))
Pw(U, v, W) = (Cos W, €os U cos v, — vw2sin(vw™)/)
[pu(TC,TE,TE), pV(TC,TC,TC), pW(TE,TC,TC)] =
=[(-1, 0, " cos 1), (-1, 0, m*(cos 1 + sin 1), (-1, 1, —nsin 1)] = n*sin 1



